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Introduction

A brief history on quasiconvex duality on vector spaces
and our contribution in the conditional case

Quasiconvex analysis has important applications in several optimiza-
tion problems in science, economics and in finance, where convexity may
be lost due to absence of global risk aversion, as for example in Prospect
Theory [57].

The first relevant mathematical findings on quasiconvex functions were
provided by De Finetti [18], mostly motivated by Paretian ordinal utility.
Since then many authors, as [13], [14], [26], [58], [70] and [72] - to men-
tion just a few, contributed significantly to the subject. More recently, a
Decision Theory complete duality involving quasiconvex real valued func-
tions has been proposed by [10]: in this theory a key role is played by the
uniqueness of the representation and in such a way a one to one relation-
ship between the primal functional and his dual counterpart is provided.
For a review of quasiconvex analysis and its application and for an exhaus-
tive list of references on this topic we refer to Penot [71].

Our interest in quasiconvex analysis was triggered by the recent paper
[11] on quasiconvex risk measures, where the authors show that it is rea-
sonable to weaken the convexity axiom in the theory of convex risk mea-
sures, introduced in [31] and [36]. This allows to maintain a good control



2 Introduction

of the risk, if one also replaces cash additivity by cash subadditivity [25].
The choice of relax the axiom of cash additivity is one of the main topics
nowadays, especially when markets present lack of liquidity. Maccheroni
et al. [11] point out that loosing this property convexity is not anymore
equivalent to the principle of diversification: ‘diversification should not
increase the risk ’. The recent interest in quasiconvex static risk measures
is also testified by a second paper [19] on this subject, that was inspired by
[11].

Furthermore when passing to the dynamics of the risk the usual axioms
of risk measures seem too restrictive and incompatible with time consis-
tency: Kupper and Schachermayer [55] showed that the only law invariant
time consistent convex risk measure turns out to be the entropic one.

A function f: L — R := RU{—oo} U {0} defined on a vector space L
is quasiconvex if for all ¢ € R the lower level sets {X € L | f(X) < c} are
convex. In a general setting, the dual representation of such functions was
shown by Penot and Volle [72]. The following theorem, reformulated in
order to be compared to our results, was proved by Volle [77], Th. 3.4. and
its proof relies on a straightforward application of Hahn Banach Theorem.
Theorem ([77]). Let L be a locally convex topological vector space, L'
be its dual space and f : L — R := RU{—oo} U {0} be quasiconvex and
lower semicontinuous. Then

f(X) = sup R(X'(X),X") (C.1)
X'el!

where R : RxL' — R is defined by

RX) = inf {£(8) 1X/(8) 21},

The generality of this theorem rests on the very weak assumptions made
on the domain of the function f, i.e. on the space L. On the other hand,
the fact that only real valued maps are admitted considerably limits its
potential applications, specially in a dynamic framework.
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To the best of our knowledge, a conditional version of this representa-
tion was lacking in the literature. When (Q,.7,(.%);>0,P) is a filtered
probability space, many problems having dynamic features lead to the
analysis of maps 7 : L, — L between the subspaces L, C L'(Q,.%,,P)
and Ly C L°(Q,.7,,P),0 < s <t.

In the first chapter of this thesis we consider quasiconvex maps of this
form and analyze their dual representation. We provide (see Theorem 1.2
for the exact statement) a conditional version of (C.1):

w(X)=ess sup R(Eg[X|Z],0), (C.2)
QeLinNZ

where

R(Y,0) := esséigLfr{ﬂ(i) | Eol§|-75] 2o Y}, Y € L,

L} is the order continuous dual space of L, and & =: {‘é—% |0 << IP’}.

Furthermore, we show that if the map 7 is quasiconvex, monotone and
cash additive then it is convex and we easily derive from (C.2) the well
known representation of a conditional risk measure [17].

The formula (C.2) is obtained under quite weak assumptions on the space
L; which allow us to consider maps 7 defined on the typical spaces used
in the literature in this framework: L*(Q, %, P), L (Q,.%,,P), the Orlicz
spaces LY (2,.%;,P). In Theorem 1.2 we assume that 7 is lower semicon-
tinuous, with respect to the weak topology 6 (L;,L;). As shown in Propo-
sition 1.2 this condition is equivalent to continuity from below, which is
a natural requirement in this context. We also provide in Theorem 1.3 the
dual representation under a strong upper semicontinuity assumption.

The proofs of our main Theorems 1.2 and 1.3 are not based on tech-
niques similar to those applied in the quasiconvex real valued case [77],
nor to those used for convex conditional maps [17]. Indeed, the so called
scalarization of 7 via the real valued map X — Ep[m(X)] does not work,
since this scalarization preserves convexity but not quasiconvexity. The
idea of our proof is to apply (C.1) to the real valued quasiconvex map
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ta : L — R defined by 74 (X) := esssupe, T(X) (@), A € F, and to ap-
proximate 7(X) with

ah(X) =Y m(X)ly,
Ael’

where I is a finite partition of Q of .%; measurable sets A € I". As ex-
plained in Section 1.6.1, some delicate issues arise when one tries to apply
this simple and natural idea to prove that:

ess sup ess inf {n(&)|Eg[E|.7] >0 EolX|.7]}
QeLiNg EeL,

= essinf ess sup ess inf {n' ()|Eg[E| ] >0 Eo[X|Z]} (C.3)
r geLing  SEL

The uniform approximation result here needed is stated in the key Lemma

1.8 and Section 1.6.3 is devoted to prove it.

The starting point of this Thesis: Stochastic Utilities and
the Conditional Certainty Equivalent

In the last decade many methodologies for pricing in incomplete mar-
kets were build on expected utility maximization with respect to terminal
wealth: classic examples of this approach are the notions of fair price [15],
certainty equivalent [32] and indifference price [5], [16], [44].

These techniques were developed both in a static framework and in a
dynamic context [22]. In the dynamic case however, the utility function
represents preferences at a fixed time T, while the pricing occurs at any
time between today and the expiration T (backward pricing). The martin-
gale property of the indirect utility (the value function of the optimization
problem [24]) is an automatic consequence of the dynamic programming
principle.

This classic backward approach has recently been argued in [6], [43],
[63], [64] and a novel forward theory has been proposed: the utility func-
tion is stochastic, time dependent and moves forward.
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In this theory, the forward utility (which replaces the indirect utility of
the classic case) is built through the underlying financial market and must
satisfy some appropriate martingale conditions.

Our research is inspired by the theory just mentioned, but a different
approach is here developed: our preliminary object will be a stochastic
dynamic utility u(x,z,®) - i.e. a stochastic field [53] - representing the
evolution of the preferences of the agent (see Definition 2.1).

The definition of the Conditional Certainty Equivalent (CCE) that we
propose and analyze (Definition 2.10), is the natural generalization to the
dynamic and stochastic environment of the classical notion of the certainty
equivalent, as given in [75]. The CCE, denoted by Cj,(+), provides the time
s value of an F; measurable claim (s < ¢) in terms only of the Stochastic
Dynamic Utility (SDU) and the filtration.

The SDU that we consider does not require a priori the presence of a
financial market; neither it will have any specific recursive structure, nor
will necessarily be an indirect utility function based on optimal trading in
the market. However appropriate conditions are required on the SDU in
order to deduce interesting properties for the CCE.

The next step, which is left for future research, would be the investi-
gation of the compatibility conditions between the value assigned by the
CCE and existing prices when an underlying market indeed exists. Clearly,
not all SDU are compatible with the market. One extreme case is when the
SDU can be determined by the market and the initial preferences structure,
as in the case of the forward utility theory.

When we first bumped into the notion of Conditional Certainty Equiv-
alent we immediately realized that this was in general a non concave map:
anyway it was a monotone and quasiconcave operator between vector lat-
tices. For this reason a theory of duality involving quasiconcavity instead
of concavity was necessary to start a rigorous study of this topic. Due to
the particular structure of the CCE, we were soon able to provide a direct
proof of the dual representation (see Section 2.5): we exploit directly the
results of Maccheroni et al. [10], avoiding any intermediate approximation
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argument. In this way the reader can appreciate the value of the result -that
confirms what have been obtained in Chapter 1- without getting crazy in a
thick maze of technical lemmas.

However, in order to show the dual representation of the CCE we must
first define it on appropriate vector lattices. A common approach is to re-
strict the view to bounded random variables, so that no further integrabil-
ity conditions are requested. But as soon as we try to extend the scenario
to unbounded random variables it immediately appears that the distortion
provoked by utility function can be mastered only in ad hoc frameworks.

To this end we introduce in Section 2.4, in the spirit of [7], a generalized
class of Orlicz spaces which are naturally associated to the SDU taken
into account. We show with some examples that these spaces also play
a fundamental role for time compatibility of the CCE, since Cy; : M ur _y
M, where M" is the generalized Orlicz space of .%; measurable random
variables associated to u(x,z, ®).

Further comments

Chapter 2 appears as a short parenthesis in this work and can be read as a
self contained discussion. But as a matter of fact this was the main reason
that lead us in our research: one of the simplest example of evaluation map,
such it is the Certainty Equivalent, fails in general to be concave. Since the
standard duality theory for concave maps fails we were forced to look for
a generalization of the duality results provided by Penot and Volle.

For this reason we report here the original proof of the dual representation
theorem for the CCE (Theorem 1.2), which gave us the motivation and
the strength to look for the more general and involving one provided in
Chapter 1.

A brand new point of view: the module approach

The concept of module over a ring of functions is not new in the
overview of mathematical studies but appeared around fifties as in [38],
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[41], [42] and [69]. Hahn Banach type extension theorems were firstly
provided for particular classes of rings and finally at the end of seventies
(see for instance [9]) general ordered rings were considered, so that the
case of L° was included. Anyway, until [28], no Hyperplane Separation
Theorems were obtained. It is well known that many fundamental results
in Mathematical Finance rely on it: for instance Arbitrage Theory and the
duality results on risk measure or utility maximization.

In the series of three papers [27], [28] and [54] the authors brilliantly
succeed in the hard task of giving an opportune and useful topological
structure to L%-modules and to extent those functional analysis theorems
which are relevant for financial applications. Once a rigorous analytical
background has been carefully built up, it is easy to develop it obtaining
many interesting results. In Chapter 3 of this Thesis we are able to gener-
alize the quasiconvex duality theory to this particular framework.

It is worth to notice that this effort to extend the results in Chapter 1

to L°%-modules, is not a mathematical itch. Whenever dealing with condi-
tional financial applications - such as conditional risk measures - vector
spaces present many drawbacks as it has been argued in Filipovic et al.
[27]. In the paper Approaches to Conditional Risk, the authors compare
the two possible points of view using vector spaces (as it is common in the
present literature) or L°- modules. The results obtained are crystalline and
highlight how the second choice better suites the financial scopes.
The intuition hidden behind the use of modules is simple and natural: sup-
pose a set . of time-T maturity contingent claims is fixed and an agent is
computing the risk of a portfolio selection at an intermediate time ¢ < 7.
A flow of information - described by .%; - will be available at that time ¢:
as a consequence, all the .%,-measurable random variables will be known.
Thus the .%; measurable random variables will act as constants in the pro-
cess of diversification of our portfolio, forcing us to consider the new set
7 -1°(Q,%,,P) as the domain of the risk measures. This product struc-
ture is exactly the one that appears when working with L°-modules.

The main result of quasiconvex duality is given in Theorem 3.1 and
Corollaries 3.1 and 3.2. Differently from Theorems 1.2 and 1.3 here the
representation is obtained dropping the assumption of monotonicity, as it
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happened for real valued quasiconvex maps. The map 7 : E — L°(¥) can
be represented as

2(X)= s RuX).p),
ueZ(E,L0(9))

where E is a L%-module and .Z(E,L°(%)) the module of continuous °-
linear functionals over E.

A posteriori, adding the assumption of monotonicity, we can restrict the
optimization problem over the set of positive and normalized functional,
as we show in Theorem 3.2.

The proof of these results are plain applications of the Hyperplane Sep-
aration theorems and not in any way linked to some approximation or
scalarization argument. If one carefully analyzes them then he would ap-
preciate many similarities with the original demonstrations by Penot and
Volle.

A remarkable upgrade compared to Chapter 1, which appears as the best
evidence of the power an novelty brought by modules, is the strong unique-
ness result for conditional risk measures (see Theorem 3.2 for the precise
statement), which perfectly matches what had been obtained in [10] for
the static case.

Under suitable conditions, p : LY, (%) — L%(¢) is a conditional quasicon-
vex risk measure if and only if

p(X)= sup R (E {—%Xg} ,Q) (C4)

Qe

where R is unique in the class .27 (L°(4) x £24). In this sense, in agree-
ment with [10], we may assert that there exists a complete quasiconvex
duality between quasiconvex risk measures and . "7 (L0(4) x 279).
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Chapter 1

On the dual representation on vector
spaces

Conditional maps are a characteristic feature of the Probabilistic environ-
ment. We may hazard that the ‘red line’that distinguishes Probability from
Analysis is the concept of Conditional Expectation, which is the sim-
plest example of conditional map. The conditional expectation Ep[X|¥]
filters a random variable X with the information provided by the sigma
algebra ¢, giving a sort of backward projection of X. When Probability
crashes in Mathematical Finance and Economics a great number of ques-
tions arise: in fact any linear property -such those satisfied by the condi-
tional expectation- crumbles under the heavy load of the risk aversion of
the agents playing in the markets. This affects the properties of the condi-
tional maps taken into account in Pricing Theory and Risk Management.
A peculiar example can be found in [74] where a general theory of Nonlin-
ear Expectations is developed relying on Backward Stochastic Differential
Equations.

The current literature is rolling around four mainstreams about condi-
tional maps: the discussion of the axioms, the right domain (usually vector
spaces of random variables), the robustness of the method and the time
consistency. In this Chapter we would like to make a tiny step forward on
these themes: considering general vector spaces and quasiconvex condi-
tional maps we will nevertheless obtain a robust representation which is
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a crucial prerequisite for discussing (in the future research) time consis-
tency.

1.1 Conditional quasiconvex maps

The probability space (2,.%,P) is fixed throughout this chapter and sup-
posed to be non-atomic. ¢4 C .% is any sigma algebra contained in .Z.
As usual we denote with L°(Q,.%,P) the space of .# measurable ran-
dom variables that are P a.s. finite and by L°(Q,.%,P) the space of ex-
tended random variables that take values in RU {eo}. We also define
LY(F)={reLl% |Y>0}and LY (F)={Y € L% | Y > 0}. Eg[X]
represents the expected value of a random variable X with respect to a
given probability measure Q. For every set A € .# the indicator function
14 belongs to L°(2,.%,P) and is valued 1 for P-almost every @ € A and
0 for P-almost every @ € A€,
The Lebesgue spaces,

L(Q,7,P) = (X € L2, 7 P) | Epl[X[?) < +e} pe [0,
and the Orlicz spaces (see next Chapter for further details)

LYQ,7.P)={xecl’Q,7,P) Ja>0 Epli(aX)] <o}
M*(Q,7.P) = {X e [°(Q,F P)|Ep[®(aX)] < VYa >0}

will simply be denoted by L? /L /M*, unless it is necessary to specify the
sigma algebra, in which case we write L, /L% /M%..

It may happen that given a TVS L we denote by L* either the topological
dual space of L or the order dual space (see [2] p. 327 for the exact def-
inition). Topological/order dual spaces may coincide as for L” spaces or
Morse spaces M®, but in general they can differ as for the Orlicz space
L® (for an opportune choice of ®). Anyway we will specify case by case
what we are intending by L*.
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In presence of an arbitrary measure U, if confusion may arise, we will
explicitly write =, (resp. >,), meaning [ almost everywhere. Otherwise,
all equalities/inequalities among random variables are meant to hold P-
a.s..

The essential (P almost surely) supremum esssup; (X, ) of an arbi-
trary family of random variables X; € L°(Q,.7,P) will be simply de-
noted by sup, (X)), and similarly for the essential infimum. The supre-
mum sup;, (X;) € L°(R,.7,P) gives by definition the smallest extended
random variable greater of any X ; similarly the infimum is the greatest
extended random variable smaller of any X;. Both of them are unique
up to a set of P-measure equal to 0. The reader can look at [30] Sec-
tion A.5 for an exhaustive list of properties. Here we only recall that
14supy (X3 ) = sup, (14X, for any .# measurable set A.

V (resp. A) denotes the essential (P almost surely) maximum (resp. the
essential minimum) between two random variables, which are the usual
lattice operations. Hereafter the symbol — denotes inclusion and lattice
embedding between two lattices; a lattice embedding is an isomorphism
between two vector spaces that preserves the lattice operations.

We consider a lattice Lz := L(Q,.7,P) C L°(Q,.7,P) and a lattice
Ly :=L(Q,9,P) CL°(Q,9,P) of .Z (resp. ¥) measurable random vari-
ables.

Definition 1.1. A map 7 : Lz — Ly is said to be
(MON) monotone increasing if for every X,Y € L
X<y = zaX)<ay):
(QCO)  quasiconvex if for every X,Y € Ly, A € L) and 0 < A < 1
TAX+(1-A)Y)<zaX)Vva(Y);

(LSC) t—lower semicontinuous if the set {X € Ly | n(X) <Y} is
closed for every Y € Ly with respect to a topology T on L.
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(USC)*  t—strong upper semicontinuous if the set {X € Lz | (X)) <Y}
is open for every Y € Ly with respect to a topology 7 on L# and there
exists at least one 6 € L such that 7(0) < +oo.

Remark 1.1. On the condition (QCO)
As it happens for real valued maps, the definition of (QCO) is equivalent
to the fact that all the lower level sets

d(Y)={X€eLs|T(X)<Y} VYELy

are conditionally convex i.e. for all X;,X, € <7 (Y) and any ¢-measurable
rv.A,0<A <1,onehas AX; + (1 —A)X € & (Y).
Indeed let 7(X;) <Y, i = 1,2: thanks to (QCO)

T(AX;+ (1 —A)Xy) <max{#n(X),n(Y)} <Y
i.e. &7 (Y) is conditionally convex.
Viceversa set ¥ = max{n(X;),n(Xz)} then X;,X, € &/(Y) implies from
convexity that AX; + (1 —A)X, € &7(Y) and then w(AX; + (1 —A)Xs) <
Y.

Remark 1.2. On the condition (LSC)

The class of closed and convex sets is the same in any topology compat-
ible with a given dual system (Grothendieck [39] Chapter 2, Section 15).
We remind the reader that a topology 7 is compatible with a dual system
(E,E’) if the topological dual space of E w.r.t. T is E’. Therefore - as-
suming a priori (QCO) - if two topologies 7|, T, give rise to the same
dual space, then the conditions 7;-(LSC), 7, -(LSC), are equivalent. This
simplifies the things up when dealing with nice spaces such as LP spaces.

Remark 1.3. On the condition (USC)*
When & = o(£) is the trivial sigma algebra, the map 7 is real valued and
(USC)”* is equivalent to

{X €Lz |m(X)>Y}isclosed forevery Y € R.

But in general this equivalence does not hold true: in fact
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{X€Lz |n(X)<Y} ={XELz|P(n(X)>Y)>0} 2{X €Lz |n(X)>Y}

Anyway (USC)* implies that considering a net {Xg }, Xo — X then
limsup,, 7(Xy) < 7(X). For sake of simplicity suppose that 7(X) < —+oo:
letY € Ly, T(X) <Y then X belongs to the opensetV ={& €Lz | n(€) <
Y}.If X, 5 X then there will exists o such that for every Xg €V for every
B > o. This means that 7(Xg) <Y for every 8 > o and

limsup(Xy) < sup w(Xg) <Y VY > x(X).
o B>

Conversely it is easy to check that Xy — X = limsup, 7(Xq) < 7(X)
implies that the set {X € Lz | m(X) > Y} is closed. We thus can conclude
that the condition (USC)* is a stronger condition than the one usually given
in the literature for upper semicontinuity. The reason why we choose this
one is that it will be preserved by the map 74.

Finally we are assuming that there exists at least one 8 € L such 7(0) <
+oo: otherwise the set {X € Lz | m(X) < Y} is always empty (and then
open) for every Y € Ly NLY,.

Definition 1.2. A vector space Lz C L&p satisfies the property (1 #) if
XeLlyzandAe F = X1, €Lz. (%)

Suppose that Lz (resp. Ly) satisfies the property (12) (resp 1g).
Amap w: Lz — Ly is said to be

(REG) regularif forevery X,Y € Ly andA € 4
T(X1a+Y1e)=n(X)1a+7(Y)1 .

or equivalently if 7(X14)14 = 7(X)14.

Remark 1.4. The assumption (REG) is actually weaker than the assump-

tion
E(XIA):ﬂ?(X)lA VAeY. (1.1)
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As shown in [17], (1.1) always implies (REG), and they are equivalent if
and only if 7£(0) = 0.

It is well known that 7(0) = 0 and conditional convexity implies (REG)
(a simple proof can be found in [17] Proposition 2). However, such impli-
cation does not hold true any more if convexity is replaced by quasiconvex-
ity. Obviously, (QCO) and (REG) does not imply conditional convexity, as
shown by the map

X = U EX)19)

when f : R — R is strictly increasing and convex on R.

1.2 The case of real valued maps when & = 6(Q).

In this section we resume what has been already fully studied in the case
¢ is the trivial sigma algebra and then Ly reduces to the extended real
line R. We report also the proofs which matches those given by Penot
and Volle, to help the understanding of the role played by Hahn Banach
Separation Theorem. In this way the reader will be helped to appreciate
the analogies between the following proofs and the generalizations to the
modules framework in Chapter 3.

Here L# = L can be every locally convex topological vector space and
L* denotes its topological dual space. Consider 7 : L — R := RU {eo}
satisfying (QCO) and define: R : L* x R — R by

R(X*,t) :=sup{m(X) | X € L such that X*(X) >1¢}.
Theorem 1.1. Let & as before

(i) If w is (LSC) then:  w(X) = sup R(X',X'(X)).
X'eL*

(ii) If & is (USC)* then:  m(X) = max R(X',X'(X)),
/e *
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Proof. (1)By definition, for any X' € L', R(X'(X),X") < m(X) and there-
fore

sup R(X'(X),X') < m(X), X € L.

X'el!
Fix any X € L and take € € R such that € > 0. Then X does not belong to
the closed convex set {€ € L: (&) < (X)) — €} := €, (if T(X) = +oo,
replace the set €; with {£ € L: n(§) < M}, for any M). By the Hahn
Banach theorem there exists a continuous linear functional that strongly
separates X and %%, i.e. there exists & € R and X} € L’ such that

Xi(X) > a > X, (&) forall & € E. (1.2)
Hence:

[E€L: X&) 2 XX} C () ={E e Lim(§) > 7(X) —€} (13)
and

m(X) > sup R(X"(X),X') > R(X(X),X;)
X'el
= inf{7(&) | & € L such that X, (&) > X;(X)}
> inf{m(&)| & € Lsatisfying ©(&) > n(X)—¢e} > n(X) —e.

(ii)For any fixed X € L, the set {§ € L: w(§) < m(X)} := & is convex
open and X ¢ &. By the Hahn Banach theorem there exists a continuous
linear functional that properly separates X and &, i.e. there exists o0 € R
and X* € L* such that: X*(X) > a > X*(&) forall § € &.

Hence: {E € L: X*(§) > X*(X)} C (&) ={&eL:n(€) > n(X)} and
x(X) > sup R(Y",Y*(X)) = R(X",X" (X))
y*eL
= inf{n(§) | & € L such that X* (&) > X*(X)}
> inf{z(£) | & € (6)°} > n(x).

Proposition 1.1. Suppose L is a lattice, L* = (L,>)* is the order contin-
uous dual space satisfying L* — L' and (L,c(L,L*)) is a locally convex
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TVS. If f : L — R is quasiconvex, 6(L,L*)-Isc (resp usc) and monotone
increasing then

n(X)= sup  R(Q(X),0),
QcLi|0(1)=1

resp. T(X) = QeL%)((l):lR(Q(X),Q)-

Proof. We apply Theorem 1.1 to the locally convex TVS (L, o (L,L*)) and
deduce:
n(X)= sup R(Z(X),Z).
ZeL*CL!

We now adopt the same notations of the proof of Theorem 1.1 and let
Z € L,Z>0.Obviously if £ € €, then & —nZ € ¢ for every n € N and
from (1.2) we deduce:

_XUE-X)

X[(E—nZ)<a<X.(X) = X.2) .

, VneN
ie. X, €Lt C L' and X} # 0. Hence X/(1) = Ep[X/] > 0 and we may

normalize X/ to X} /X}(1).

1.3 Dual representation for an arbitrary ¢

1.3.1 Topological assumptions

From now on ¥ is any c-algebra ¥ C .%.
Definition 1.3. We say that 7 : Ly — Ly is
(CFB) continuous from below if

X, X Pas. = nX,)1tnX) Pas.
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In [8] it is proved the equivalence between: (CFB), order Isc and
o(Lz,L%)-(LSC), for monotone convex real valued functions. In the next
proposition we show that this equivalence holds true for monotone qua-
siconvex conditional maps, under the same assumption on the topology
o(Lz,L%) adopted in [8].

Definition 1.4 ([8]). Let {Xy} C L4 be a net. A linear topology 7 on the
Riesz space L # has the C-property if Xy 5X implies the existence of of
a sequence {Xg, }, and a convex combination Z, € conv(Xg,, ...) such that
Z, 5 X.

As explained in [8], the assumption that 6(L #,L";) has the C-property
is very weak and is satisfied in all cases of interest. When this is the case, in
Theorem 1.2 the 6(L#,L?;)-(LSC) condition can be replaced by (CFB),
which is often easy to check.

Proposition 1.2. Suppose that 6(Lz,L%;) satisfies the C-property and
that Lg is order complete. Given ©t : Ly — Ly satisfying (MON) and
(QCO) we have:

(i) wis 6(Lz,L%)-(LSC) if and only if (ii) & is (CFB).

Proof. Recall that a sequence {X,,} C L4 order convergeto X € Lz, X, BN
X, if there exists a sequence {V, } C L satisfying ¥, L 0 and |X — X,,| < Y,.

()= (ii): Consider X, T X. Since X,, T X implies X, 2 X, then for ev-
ery order continuous Z € L% the convergence Z(X,,) — Z(X) holds. From

%Ly
Ep[ZX,| — Ep[ZX] VZeL’;

and we deduce that X, Guﬁ‘?) X.
(MON) implies 7(X,) 1 and p := lim, w(X,) < 7(X). The lower level set
dp={E €Lz |n(&) < p}is 6(Lz,L) closed and then X € 7, i.e.
n(X)=p.

(ii)=-(i): First we prove that if X, > X then m(X) < liminf, 7(X,).
Define Z, := (inf>, Xx) A X and note that X — ¥, <X, <X +Y, implies

X>Z,=|infX;, | AN X > inf(—Yk)+X AXTX
k>n k>n
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i.e. Z, T X. We actually have from (MON) Z, < X, implies 7(Z,) < n(X,)
and from (CFB) 7(X) = lim, 7(Z,) < liminf, 7(X,,) which was our first
claim.

For Y € Ly consider o = {§ €Ly | () <Y} and anet {Xo} C Lg

o(Lyz L) . .
such that X, —~ X € L. Since Lz satisfies the C-property, there

exists ¥, € Conv(Xg,,..) such ¥, 2 X. The property (QCO) implies that
afy is convex and then {Y, } C . Applying the first step we get

n(X) <liminfrn(¥,) <Y ie X € o

n
Standing assumptions on the spaces

(a) ¥ C.F and the lattice Lg (resp. Ly) satisfies the property (1)
(resp lg). Both Ly and Lg contains the constants as a vector sub-
space.

(b)  The order continuous dual of (Lg,>), denoted by Ly, = (Lg,>)%,
is a lattice ( [2], Th. 8.28) that satisfies Ly — Lﬁ cmdproperty (12).

(¢) The space L g endowed with the weak topology o(Lz,L%) is a lo-
cally convex Riesz space.

The condition (c) requires that the order continuous dual L% is rich
enough to separate the points of Lz, so that (L#,6(L#,L7%)) becomes a
locally convex TVS and Proposition 1.1 can be applied.

Remark 1.5. Many important classes of spaces satisfy these conditions,
such as

- The LP-spaces, p € [1,0]: Ly =L, L'y = L% — LY.

- The Orlicz spaces LY for any Young function ¥: Lz = Llp Ly = ng; —
L};;, where ¥* denotes the conjugate function of ¥,

- The Morse subspace M¥ of the Orlicz space LY, for any continuous
Young function ¥: Lz = M?’, = Ll‘w — Ll
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1.3.2 Statements of the dual results
Set

d

P =: {a’% |0 << PandQ probability} ={&' e LY | Epl€]) = 1}

From now on we will write with a slight abuse of notation Q € L N &

iristead of Z—% €L, NP DefineK: Ly x (LN ) — LY and R : LY, x
7 a8

K(X,Q) = jnf {x(C)|El$[¥] 20 EolX¥]} (1.4)
R(¥.&") = inf {n(8)|EplE'|] > Y} (15)

K is well defined on Lz x (L% N Z7). On the other hand the actual domain
of R is not on the whole L% X L’z but we must restrict to

E={(V,&)eLYy xLy|3E c Ly st Ep[E'E|Y] > Y. (1.6)

Obviously (Ep[E'X|¥],E") € X for every X € Lz, &' € L*;. Notice that
K(X,Q) depends on X only through Eg[X|¥]. Moreover R(Ep[E'X|4],E")
= R(Ep[AE'X|9],AE") for every A > 0.

Thus we can consider R(Ep[E'X|¥4],E"), &' >0, &' # 0, always defined on
the normalized elements Q € L'; N 2.

It is easy to check that

e 52219 > e | 52X 19| = Bol¢l] 2o Eolx 9],

and for Q € L% N & we deduce

K(X7Q):R<Ep ngg] 7Q).
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Remark 1.6. Since the order continuous functional on L4 are contained
in L', then Q(§) := Ep[&] is well defined and finite for every & € Ly
and Q € L; N Z. In particular this and (1) imply that Ep[§|¥] is well
defined. Moreover, since L% — L}; satisfies property (1 ) then ‘é—% 14 €
L’z whenever Q € L'; and A € 7.

Theorem 1.2. Suppose that 6(L#,L?;) satisfies the C-property and Lz is
order complete If © : Ly — Ly is (MON), (QCO), (REG) and 6(Lz,L%;)-
(LSC) then
n(X)= sup K(X,0). (1.7)
QeLZNY

Theorem 1.3. If © : Ly — Ly is (MON), (QCO), (REG) and t-(USC)*
then
n(X)= sup K(X,0). (1.8)
QeLz NS

Notice that in (1.7), (1.8) the supremum is taken over the set L'z N P,
In the following corollary, proved in Section 1.6.2, we show that we can
match the conditional convex dual representation, restricting our optimiza-
tion problem over the set

@g::{nge,@andQ:Pong}.

Clearly, when Q € Py then L°(Q2,% ,P) = [°(Q2,%,Q) and comparison
of ¢ measurable random variables is understood to hold indifferently for
P or Q almost surely.

Corollary 1.1. Under the same hypothesis of Theorem 1.2 (resp. Theorem
1.3), suppose that for X € Lg there exists 1 € Lz and 6 > 0 such that
P(n(n)+06 <m(X)) = 1. Then

2(X)= s K(X.,0)
QLN Py
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1.4 Possible applications

1.4.1 Examples of quasiconvex maps popping up from the
financial world

As a further motivation for our findings, we give some examples of quasi-
convex (quasiconcave) conditional maps arising in economics and finance.
The first one is studied in detail in the second chapter: as explained in the
introduction this was the main reason that moved us to this research and
the complexity of the theme deserves much space to be dedicated. The
analysis of Dynamic Risk Measures and Acceptability Indices was out of
the scope of this thesis and for this reason we limit ourselves to give some
simple concrete examples. For sure the questions arisen on the meaning of
diversification will play a central role in the Math Finance academic world
in the next few years.

Certainty Equivalent in dynamic settings
Consider a stochastic dynamic utility
u:Rx[0,00) x Q2 - R

We introduce the Conditional Certainty Equivalent (CCE) of a random
variable X € L,, as the random variable 7(X) € L, solution of the equation:

u(m(X),s) = Ep[u(X,t)|.%],

where L, and L, are appropriate lattices of random variables. Thus the CCE
defines the valuation operator

miL— Ly, 1(X) =u (Ep[u(X,1)|.7)),s).

The CCE, as amap 7 : L, — L is monotone, quasi concave, regular.
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Dynamic Risk Measures

As already mentioned the dual representation of a conditional convex risk
measure can be found in [17]. The findings of the present paper show the
dual representation of conditional quasiconvex risk measures when cash
additivity does not hold true.

For a better understanding we give a concrete example: consider 7 € [0, T
and a non empty convex set Cr € L*(Q, %7, P) such that Cr + L3 C Cr.
The set Cr represents the future positions considered acceptable by the
supervising agency. For all m € R denote by v,(m, ®) the price at time ¢ of
m euros at time 7. The function v, (m,-) will be in general .%; measurable
as in the case of stochastic discount factor where v;(m, ®) = D;(®)m. By
adapting the definitions in the static framework of [3] and [11] we set:

Pcy v (X) (@) = ess ing (Y, 0)|X+Y €Cr}.
Y

Tt

When v, is linear, then pc,, is a convex monetary dynamic risk measure,
but the linearity of v, may fail when zero coupon bonds with maturity 7 are
illiquid. It seems anyway reasonable to assume that v, (-, @) is increasing
and upper semicontinuous and v; (0, @) = 0, for PP almost every @ € Q. In
this case

Pern (X)(@) =viless inf (¥ [X+Y €Cr),0) =v(pcr (X). )
€Ly

where pc, (X) is the convex monetary dynamic risk measure induced by
the set Cr. Thus in general pc, ,, is neither convex nor cash additive, but it
is quasiconvex and eventually cash subadditive (under further assumptions
on v;).

Acceptability Indices

As studied in [12] the index of acceptability is a map « from a space of
random variables L(2,.%,P) to [0, +o0) which measures the performance
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or quality of the random X which may be the terminal cash flow from a
trading strategy. Associated with each level x of the index there is a col-
lection of terminal cash flows <% = {X € L|a(X) > x} that are acceptable
at this level . The authors in [12] suggest four axioms as the stronghold
for an acceptability index in the static case: quasiconcavity (i.e. the set .27,
is convex for every x € [0, o)), monotonicity, scale invariance and the
Fatou property. It appears natural to generalize these kind of indices to the
conditional case and to this aim we propose a couple of basic examples:
i) Conditional Gain Loss Ratio: let 4 C .%#

EpX|¥9
CGLR(X|¥) = leﬂx%o}.
This measure is clearly monotone, scale invariant, and well defined on
L'(Q,.7,P). It can be proved that it is continuous from below and quasi-
concave.

ii) Conditional Coherent Risk-Adjusted Return on Capital: let ¢4 €
Z and suppose a coherent conditional risk measure p : L(Q, #,P) —
L°(Q,9,P) is given with L(Q,.7,P) C L'(Q,.7,P) is any vector space.
We define

Ep[X|¥]
CRARC(X|9) = ————1 .
( l ) P(X) {EE’[X‘g]>O}

We use the convention that CRAR0C(X|¥) = oo on the ¢-measurable
set where p(X) < 0. Again CRARoC(-|¥) is well defined on the space
L(Q, % ,P) and takes values in the space of extended random variables;
moreover is monotone, quasiconcave, scale invariant and continuous from
below whenever p is continuous from above.

1.4.2 Back to the representation of convex risk measures

In the following Lemma and Corollary, proved in Section 1.5.2, we show
that the (MON) property implies that the constraint Eg[§|¥] >0 Eg[X|¥]
may be restricted to Eg[§|¥] =g Eg[X|¥] and that we may recover the
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dual representation of a dynamic risk measure. When Q € L% N Py the
previous inequality/equality may be equivalently intended Q-a.s. or P-a.s.
and so we do not need any more to emphasize this in the notations.

Lemma 1.1. Suppose that for every Q € L'; N Py and & € Lz we have
EQ[&Kq] €Lz IfQeLyN Py andif t: Ly — Ly is (MON) and (REG)
then
K(X.0) = Inf {n(3) | Egl§|4] = Eo[X|¥]}. (1.9)
F

Proof. Let us denote with r(X, Q) the right hand side of equation (3.20)
and notice that K(X, Q) < r(X, Q). By contradiction, suppose that P(4) >
0 where A =: {K(X,0) < r(X,Q)}. As shown in Lemma 1.4 iv), there
exists ar.v. & € L satisfying the following conditions

o Eg[E|9] >g Eg[X|9] and Q(Eq[E|¥] > Eg[X|¥]) > 0.
e K(X,0)(w) <m(&)(w) < r(X,0)(w) for P-almost every @ € BC A
d
%IZB) > 0.

Set Z =¢ Eg[& — X|¥]. By assumption, Z € Lz and it satisfies Z >¢ 0
and, since Q € Py, Z > 0. Then, thanks to (MON), n(&) > (& —Z).
From Eg[& — Z|9] =g Eg[X|¥] we deduce:

K(X,0)(w) <n(é)(w) < rX,0)(w) <x(é—2Z)(w) for P-ae. o € B,
which is a contradiction.

Definition 1.5. The conditional Fenchel convex conjugate * of 7 is given,
for Q € L'z N Py, by the extended valued & —measurable random vari-

able:
7 (Q) = sup {Eg[§|¥9]—m(E)}.

SeLy

Amap mw: Ly — Ly is said to be

(CAS) cash invariant if for all X € Lz and A € Ly

TX+A)=n(X)+A.
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In the literature [37], [17], [29] a map p : L# — Ly that is monotone
(decreasing), convex, cash invariant and regular is called a convex condi-
tional (or dynamic) risk measure. As a corollary of our main theorem, we
deduce immediately the dual representation of a map p(-) =: w(—-) satis-
fying (CAS), in terms of the Fenchel conjugate *, in agreement with [17].
Of course, this is of no surprise since the (CAS) and (QCO) properties im-
ply convexity, but it supports the correctness of our dual representation.

Corollary 1.2. Suppose that for every Q € L'y N Py and & € Lz we have
Eg[€|¥] € Ly.
()IfQeLyNPy and if T : Ly — Ly is (MON), (REG) and (CAS) then

K(X,0) = Eg[X|9] — 7 (Q). (1.10)

(ii) Under the same assumptions of Theorem 1.2 and if T satisfies in addi-
tion (CAS) then

n(X)= sup {Ep[X|¥9]|—n"(Q)}.
QeLy NPy

so that p(-) = n(—-) is a conditional convex risk measure and can be
represented as

p(X)= sup {Eg[-X|9]-p"(-0Q)}.

QEL}Q.@{;
with p*(—Q) given by
p*(=Q) = sup {Eg[-E|4]—p(E)}-

SeLy

Proof. The (CAS) property implies that for every X € Lg and 6 > 0,
P(n(X —28)+ 6 < m(X)) = 1. So the hypothesis of Corollary 1.1 holds
true and we only need to prove (3.23), since (ii) is a consequence of (i) and
Corollary 1.1. Let Q € L' N P4. Applying Lemma 1.1 we deduce:
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£ {n(8) | Eol8|¥] = EolX|¥1}

in
EeLy

Eo[X|9] +§ielzf¢{ﬂ(§) —Eo[X|9] | Eg[S|¥] =0 Eo[X|4]}

K(X,0)

Eo[X|¥] it {7(8) —El§|41| Eg[8|9] =0 Eo[X|¥]}

Eo[X|9] — sup {Eg[§|9] - 7(S) | Egl|¥] =0 Eo[X|¥]}

Selg

= Eo[X|9]-7"(Q),

where the last equality follows from Q € & and

n'(Q) = sup {Egl¢ +Eo[X —&|9] | 9] —m(§ +EglX —§|¥])}

SeLy
= s {Eo[n|9]—=(n) |n=¢E+EglX —&§|9]}
< ;EHLP {Eo[819] —n(8) | EglS|9] =0 EolX|¥]} < n"(Q).

1.5 Preliminaries

In the sequel of this section it is always assumed that 77 : L # — Ly satisfies
(REG).

1.5.1 Properties of R(Y,&')

We remind that X denotes the actual domain of R as given in (1.6). Given
an arbitrary (Y,&’) € X, we have R(Y,&’) = inf o/ (Y,&’) where

A (¥, &) :={n(E)|E €Ly, Ep[E'E|4] > T}

By convention R(Y,£’) = +oo for every (Y,&) € (LY x L’;) \ £
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Lemma 1.2. For every (Y,&') € X the set </ (Y,&’) is downward di-
rected and therefore there exists a sequence {Ny}, | € Ly such that

Ep[S'Nm|9] 2 Y and as m? oo, (M) L R(Y,&).

Proof. We have to prove that for every (&), n(&) € o/ (Y,&’) there ex-
ists m(&*) € o7 (Y, &) such that m(E*) < min{w(&;), (&) }. Consider the
%-measurable set G = {n(§;) < w(&)} then

min{7(5,),7(82)} = 7(61)1e + (&) 1ge = T(&ilo + Salge) = 7(EY),
where &* = &1 + &15c. Hence
Ep['E"|9] = Ep[£'&1|9 16 + Ep[E' &2 91 ge > ¥
so that we can deduce w(&*) € o7 (Y,&’).
Lemma 1.3. Properties of R(Y,&").
i) R(-,&') is monotone, for every &' € L.

ii) R(AY,AE") =R(Y,&’) forany A >0,Y € LY and &' € L.
iii) ForeveryA€ 9, (Y,§') € X

R(Y, &1, = Anf {m(&)1a | Ep[E'E19] > Y} (1.11)
= inf (RO | E[§'E14]9] > Y1a} = RV L & ).
(1.12)

iv) R(Y,&') is jontly quasiconcave on LY, x L.
v) ianGL% R(Y, &)= ianeL% R(Y,&)) for every &[,&) € LY.
vi) For every Y1,Y, € L%
(a) R(Y],gl) /\R(Yz,é/) = R(Y] /\Yz,él)
(b) R, ) VR(Y2,8") =R(Y1 VY, &)
vii) The map R(-,&') is quasi-affine in the sense that for every Y,Y2,A €
L% and 0 < A <1, we have
R(AY1 + (1 —A)Y2,E") > R(Y1,E')AR(Y2,E")  (quasiconcavity)
R(AY 1+ (1 -A)»,E") <R(Y1,E)VR(Y2,E") (quasiconvexity).
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Proof. (i) and (ii) are trivial consequences of the definition.

(iii) By definition of the essential infimum one easily deduce (1.11). To
prove (1.12), for every & € Lg such that Ep[E'E14|9] > Y14 we de-
fine the random variable ) = £14 + {1,¢ where Ep[§'(|4] > Y. Then
Ep[E'M|¥] > Y and we can conclude

{nalnels Ep[EM|9] >V} ={E1a|& € Ly, Ep[E'E14|9] > Y14}
Hence from (1.11) and (REG):
LR(Y,E) = inf {x(nLo)Ly| ElE[] 2 Y}
= gi&g{”(élfx)h | Ep[§'E1419] > Y14}
= inf {m(E)1a | Er[E'E19) > Y14}
The second equality in (1.12) follows in a similar way since again

(N nels EplEM] >V} ={E14 | E € Ly, Ep[E'E|9] > Y14}

(iv) Consider (Y1,&]), (Y2,&}) € LY x L%y and 4 € (0,1). Define (Y,&’) =
(AY14+(1=A)Y2, A& + (1 — A)&)) and notice that for every A € ¢ the set
{§ €Ly | E[E'E14] > E[Y14]} is contained in

{€ €Ly | E[§1E14] > EM1al}U{E € Ly | E[§614] > E[214]}.

Taking the intersection over all A € & we get that {§ € Lz | E[E'E|¥Y] >
Y} is included in

{S €Lz |EGEIY] 2V} U{E € Ly | E[GE]9] > 1},

which implies R(Y,&") > R(Y1,&]) AR(Y2,E)).
(v) This is a generalization of Theorem 2 (H2) in [10]. In fact on one hand

R(Y,E")> inf m(&) VY el

éeLy



1.5 Preliminaries 31

implies
inf R(Y,&")> inf m(&).
veLl SELy
On the other
n(&) > R(Ep[E'19),E") > nf R(Y.') VEeLs
cly
implies

inf R(Y,&") < inf n(&).

YeL, EeLy
vi) a): Since R(-,&’) is monotone, the inequalities R(Y;,&’) AR(Y,,&") >
R(Y) AY2,E") and R(Y1,E") VR(Y2,E") < R(Y) VY2, E') are always true.
To show the opposite inequalities, define the &-measurable sets: B :=
{R(Y1,&') <R(Y»,&")} and A := {¥; <Y, } so that

R(Y1,§)AR(Y2,E") =R(Y1,E ) +R(Y2,E" ) pe <R(Y1,E) 14 +R(Y2, )1 c
(1.13)
R(Y1,&")VR(Y2,E") =R(Y1,E ) pe +R(Y2,E")1p > R(Y1,E ) yc +R(Y2, &)1,

Set: D(A,Y) ={&14 | & € Lz, Ep[E'E14|¥] > Y14} and check that
D(AY))+D(AS.Y2) = {E € Ly | Ep[E'E|9] > Vi1y +Yalyc ) :=D
From (3.10) and using (1.12) we get:

R(Y1,E")AR(Y2,E") < R(Y1,ENa+R(Y2,E )1 yc

= inf T(&1a)1a}+ inf m(nlc)l
IR LY nlACEIB(ACA,Yz){ (MLye) e}

= inf m(c1y)1 (Nl )l
élAelg(A,Yl) {m(E14) 14+ w(nlyc)lyc}
T]lACeD<AC,Y2)

(51A+n1Ac)€D(A7Y1)+D(AC7Y2){ (é AtT AC)}

ggg{n(g)} =R(Y114+Vol,c,E) =R(Y; AY5,E).
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Simile modo: vi) b).
(vii) Follows from point (vi) and (i).

1.5.2 Properties of K(X, Q)

For& €Ly N(LY) andX € Ly

R(Ep[E'X|9].E) = Anf {n(8) | Ep[E'E|9] > Ep[E'X|9]} = K(X,&).

Notice that K(X,&’) = K(X,A&") for every A > 0 and thus we can con-

sider K(X,&"), &' # 0, always defined on the normalized elements Q €
SN2,

Moreover, it is easy to check that:

e | 2819 > e | 52X 19| = Eol2 4] 20 Bolxs).

For Q € L N & we then set:

K(X,0)=inf (%(2)|Eql£|#]20 EolX|91) R (B2 |2x |9 . 2).
Lemma 1.4. Properties of K(X,Q). Let Qe L; NP and X € L.

i) K(-, Q) is monotone and quasi affine.

ii) K(X,-) is scaling invariant: K(X,AQ) =K (X, Q) for every A € (LY,) ;.
jii) K(X,Q)1y = infeey, {7(E)1s | EQlE1419] > Eo[X A1)} for all
AcY.

iv) There exists a sequence {cﬁ,,Q, }

=

X € Lg such that

m=

EoleR19) >0 Eo[X|9] Vm>1, =(EQ)LK(X,0) asmTeo.
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v) The set & = {K(X,0)| Q€ LN} is upward directed, i.e. for
every K(X,01), K(X,05) € H there exists K(X,0) € X such that
K(X?Q\> ZK(X,Q])\/K(X,Qz)
vi) Let Q1 and Q) be elements of L'z N & and B € 9. If 5 4019, — d%z 1z
then K(X,01)1p = K(X,0,)15.

Proof. The monotonicity property in (i), (ii) and (iii) are trivial; from
Lemma 1.3 v) it follows that K(-,Q) is quasi affine; (iv) is an immedi-
ate consequence of Lemma 3.1.

(v) Deﬁne F = {K(X,01) > K(X,0>)} and let Q given by flﬂ; =
1% dQ1 +1 Lpe T dP ; up to a normalization factor (from property (ii)) we may
suppose Q € L N . We need to show that

K(X,0) = K(X,01) VK(X,02) = K(X,01)1F + K(X,02)1c.

From E4lE[9) = Eo, [E1411r + Eg, [E[9]1,c we get EGlE|911r =,
Eg,[8|911F and E5[E|9]1pc =g, Eg,[§]9]1pc. In the second place, for
i = 1,2, consider the sets

A={§ €Ly | E4lE19] 25 E5lX|91}

Ai={G €Lz | Eq[§|9] 20, Eq[X|¥1}-
For every & € A| define N = E1p + X1 ¢

01 <<P = nlp=q, Elp = Eé[mg]l Q X|91F

Es
0 <<P = nNlpc =g, X1pc = EQ[T”%]I E 5[X|911 e

Then 1 € A and 71(&)1r = n(E1p) — 7(0)1c = T(N1F) — T(0)1pc =
717(1'])11: N
Viceversa, for every 1 € A define & = N1p +X1;c. Then & € A; and again
7(&)1p = m(n)1p. Hence

inf 7(&)1F = inf n(N)1F.
SeAy nea
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In a similar way: infgcp, 7(8)1pc = infnegn(n)ch and we can finally

deduce K(X,0)VK(X,0,) = K(X,0).
(vi). By the same argument used in (v), it can be shown that
infecq, w(E)1p = infecy, w(§)1p and then the thesis follows.

1.5.3 Properties of H(X) and an uniform approximation

For X € Lz we set

H(X):= sup K(X,0)= sup inf {7(S)|EQ[S|¥] >0 EolX|¥]}
QeLNDP QeL,nPSELy

and notice that forall A € ¢4

H(X)1a= sup inf {m(5)14 | Eg[S|¥] >0 Eo[X|¥]}.
QeL;nPSELs

In the following Lemma we show that H is a good candidate to reach
the dual representation.

Lemma 1.5. Properties of H(X). Let X € Lz.
i) H is (MON) and (QCO)
ii) H(X14)14 = H(X)14 forany A € 4 i.e. H is (REG) .
iii) There exist a sequence {Qk}k>1 IS L’;» and, for each k > 1, a se-

k k
quence {éj,g } € Ly satisfying E y [£2 | 9] > ok Egi[X|9] and
m>1

2(EQ") | K(X,0) asmteo, K(X,0) T H(X) ask 1o, (1.14)
H(X) = lim lim m(£2"). (1.15)

k—>ocom—yo0

Proof. 1) (MON) and (QCO) follow from Lemma 1.4 (i); ii) follows ap-
plying the same argument used in equation (1.12); the other property is an
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immediate consequence of what proved in Lemma 1.4 and 3.1 regarding
the properties of being downward directed and upward directed.

The following Proposition is an uniform approximation result which
stands under stronger assumptions, that are satisfied, for example, by L”
spaces, p € [1,+eo|. We will not use this Proposition in the proof of The-
orem 1.2, even though it can be useful for understanding the heuristic out-
line of its proof, as sketched in Section 1.6.1.

Proposition 1.3. Suppose that L}, — L_17 is a Banach Lattice with the
property: for any sequence {N,}n, C (L}.)+, MuMm = 0 for every n # m,
there exists a sequence {04}y C (0,4o0) such that ¥, &N, € (Ly ). Then
for every € > 0 there exists Q¢ € Ly N & such that

H(X)—K(X,0¢) <€ (1.16)
on the set F* = {H(X) < 4oo}.

Proof. From Lemma 1.5, eq. (1.14), we know that there exists a sequence
Ok € L% N Z such that:

K(X,00) T H(X), as k1 o
Define for each k > 1 the sets
Dy={weF”|[HX)(0)-K(X,0)(0) <&}

and note that
P(F”\Dy) | 0ask1oo. (1.17)

Consider the disjoint family {F; };~ | of % —measurable sets: Fi = Dy, F =
n
Dy \ Di_1, k > 2. By induction one easily shows that |J F; = D, for all
k=1

n > 1. This and (1.17) imply that P <F°°\ U Fk) = 0. Consider the se-
k=1

quence {%lpk } From the assumption on L% we may find a sequence
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{~05k}k C (0,4-o0) such that dd% =Y, (xk%lpk eLy — ng Hence,
Q¢ € (L) + N (LY )4 and, since {F};, are disjoint,

dQe dox

1 — o 2k
ap e T % p

1g,, forany k > 1.

Normalize ée and denote with Q, = A ée € L'z N < the element satisfying
I dd% I =1 Applying Lemma 1.4 (vi) we deduce that for any k > 1

K(X7Q8)1Fk :K(X7é£)1Fk :K(Xvaka)le :K(Xva)lF“
and
H(X)le _K(XaQE)le = H(X)le _K(X7Qk)1Fk < £1Fk'

The condition (3.7) is then a consequence of equation (1.17).

1.5.4 On the map w,

Consider the following
Definition 1.6. Given 7w : Ly — Ly we define for every A € ¢, the map

Mo : Ly — R by ma(X) := esssup (X)) ().
WeA

Proposition 1.4. Under the same assumptions of Theorem 1.2 (resp. The-
orem 1.3) and for any A € 4

m(X)= sup inf {m(E)|Eg[€|¥] =0 EolX|¥9]}.  (1.18)
Qe NP €Ly

Proof. Notice that the map 74 inherits from 7 the properties (MON) and
(QCO).
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1) Under the assumptions of Theorem 1.2, applying Proposition 1.2 we
get that 7 is (CFB) and this obviously implies that 74 is (CFB). Applying
to 4 Proposition 1.2 , which holds also for real valued maps, we deduce
that 7y is 6(L#,L% )-(LSC).

2) Under the assumptions of Theorem 1.3 we prove that w4 is T-(USC)
by showing that &, := {€ € Lz|ma(&) < c} is T open, for any fixed ¢ € R.
W.lo.g. B, # 0. If we fix an arbitrary 11 € %B,, we may find 6 > 0 such
that w4 (1) < ¢ — . Define

#:={§ €Ly |n(§) <(c—=8)lx+(n(n)+ )1}

Since (¢ —8)14+ (m(n) + 6)1,c € Ly and « is (USC) we deduce that B
is T open. Moreover m4(§) < ¢ — & for every £ € B, i.e. B C A, and
1 € P since m(n) <c—3SonAand 7(n) < 7(n)+ & on AC.

We can apply Proposition 1.1 and get the representation of 74 both in
the (LSC) and (USC) case. Only notice that in case my is (USC) the sup
can be replaced by a max. Moreover

ma(X) = sup inf {ma(§)]|Ep[E] > Eo[X]}
QeL NP Ly

< sup inf {m(E) | EQ[S|¥] >0 Eo[X|¥]} < ma(X).
QeLtnP Ly

1.6 Proofs of the main results

We remind that a partition I" = {AF } is a collection of measurable sets

such that P(AT1 NA2) =0 and P(U,r-AT) = 1. Notations: in the follow-
ing, we will only consider finite partitions I = { AT } of & measurable sets
Al €T and we set
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ar(X):= Y mr(X)1,r,
Aler

K'(X,0): = o {77 (&) | Egl§|9] > EoX|9]}

H'(X):= sup K'(X,0)
QeLN

1.6.1 Outline of the proof

We anticipate an heuristic sketch of the proof of Theorem 1.2, pointing out
the essential arguments involved in it and we defer to the following section
the details and the rigorous statements.

The proof relies on the equivalence of the following conditions:

1. 7(X)=H(X).
2. Ve€>0,30: € L; NP such that 7(X) — K(X,Q,) < €.
3. V&> 0,30 € Lz N such that

{§ €Ly | Eq.[819] 20, Eg.[X|9]} C{S €Lz [ n(§) > ﬂ(X)(—lfi};)

Indeed, 1. = 2. is a consequence of Proposition 1.3 (when it holds true);
2. = 3. follows from the observation that 7(X) < K(X,Q¢) + € implies
n(X) < (&) + € for every & satisfying Ep, [§|9] >¢, Eg.[X|¥9]: 3. = 1.
is implied by the inequalities:

n(X)—e < inf{x(§) | 7(§) > 7(X) — &}
=< éiefgy{ﬂ(%) | Eg.[8]9] 20, Eg.[X|¥]} < H(X) < 7(X).

Unfortunately, we cannot prove Item 3. directly, relying on Hahn-Banach
Theorem, as it happened in the real case (see the proof of Theorem 1.1,
equation (1.3), in Appendix). Indeed, the complement of the set in the
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RHS of (1.19) is not any more a convex set - unless 7 is real valued -
regardless of the continuity assumption made on 7.

Also the method applied in the conditional convex case [17] can not be

used here, since the map X — Ep[m(X)] there adopted preserves convexity
but not quasiconvexity.

The idea is then to apply an approximation argument and the choice of

approximating 7t(-) by z' (), is forced by the need to preserve quasicon-
vexity.

I

II

I

The first step is to prove (see Proposition 1.5) that: H (X) = &l (X).
This is based on the representation of the real valued quasiconvex
map 74 in Proposition 1.4. Therefore, the assumptions (LSC), (MON),
(REG) and (QCO) on 7 are here all needed.

Then it is a simple matter to deduce 7(X) = infr z' (X) = infr H' (X),
where the inf is taken with respect to all finite partitions.

As anticipated in (C.3), the last step, i.e. proving that infr H' (X) =
H(X), is more delicate. It can be shown easily that is possible to ap-
proximate H(X) with K(X,0¢) on a set Ag of probability arbitrarily
close to 1. However, we need the following uniform approximation:
For any € > 0 there exists Q¢ € L% N2 such that for any finite parti-
tion I we have H' (X) — K (X, Q) < € on the same set A.. This key
approximation result, based on Lemma 1.8, shows that the element Q.
does not depend on the partition and allows us (see equation (1.26)) to
conclude the proof .

1.6.2 Details

The following two lemmas are applications of measure theory

Lemma 1.6. For every Y € L{% there exists a sequence I'(n) of finite par-
titions such that Y, (sup AT () Y) 1,r@) converges in probability, and IP-
a.s.,toY.
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Proof. Fix €,8 > 0and consider the partitions I'(n) = {Ag, A7, ...A”
where

2n+1+1}

Ay = {¥ € (~o, 1]}

. .
A = {YE (n+]2n —n+ 2{1” Vji=1,..,n2m!

22n+1+1 = {Y € (n7+°°)}

Since P(A§UA”,, ., ) — 0 as n — oo, we consider N such that P(Af U
A%zN +1) < 1 — €. Moreover we may find M such that %M < 8, and hence

forI'=T"(MV N) we have:
Peoc| ) (supY)lr(o)-Y(@)<8s>1-¢. (1.20)
ATer AT

Lemma 1.7. Foreach X € Lz and Q € L'; N &
infK" (X,0) =K(X.0)

where the infimum is taken with respect to all finite partitions I.

Proof.

inf K (X.0) = inf inf {x' (&) | EQl&1¥) > EolX|#]}

= int {infa""(&)| Eol¢l#] = FolX1#1 }
~ i {#(2) | Eol¢[#) 2o EolX|4]} ~ K(X.Q)
(1.21)

where the first equality in (1.21) follows from the convergence shown in
Lemma 1.6.
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The following already mentioned key result is proved in the Appendix,
for it needs a pretty long argument.

Lemma 1.8. Let X € Lg and let P and Q be arbitrary elements of L'z N
P. Suppose that there exists B € 4 satisfying: K(X,P)1g > —oo, mp(X) <
~+o0 and

K(X, Q)IB < K(X,P)IB + €lp,

for some € > 0. Then for every partition I" = {BC,I:}, where T is a parti-
tion of B, we have

KI(X,0)15 < K'(X,P)15+¢€lp.

Since 7! assumes only a finite number of values, we may apply Propo-
sition 1.4 and deduce the dual representation of 7! .

Proposition 1.5. Suppose that the assumptions of Theorem 1.2 (resp. The-
orem 1.3) hold true and I is a finite partition. Then:

HY (X) =zl (X) > n(X) (1.22)

and therefore
ingF(X) = n(X).

Proof. First notice that KT (X,0) < H'(X) < 7! (X) for all Q € L N
2. Consider the sigma algebra 41 := 6(I") C 4, generated by the finite
partition I". Hence from Proposition 1.4 we have for every Al € I”

myr (X) = sup inf {myr(§) [ EglS|9] >0 EolX|#]}.  (1.23)
geLyNP €Ly

Moreover H' (X) is constant on Al since it is ¢! -measurable as well.
Using the fact that 7! (-) is constant on each AT, for every AT € I' we
then have:
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H' (X)L = sup  inf {x"(&)1,r | Egl&|¥] 20 Eo[X|4]}

Qe NP €Ly

= sup inf {myr(§)1r [EglEl¥] 20 Eg[X|9]}
Qe NP Ly

= T ()L =27 (X)L (1.24)

where the first equality in (1.24) follows from (1.23). The remaining state-
ment is a consequence of (1.22) and Lemma 1.6

Proof (Proofs of Theorems 1.2 and 1.3). Obviously w(X) > H(X), since
X satisfies the constraints in the definition of H(X).

Step 1. First we assume that 7 is uniformly bounded, i.e. there exists
¢>Osuchthat forallX € Ly |n(X)| < c. Then H(X) > —oo.

From Lemma 1.5, eq. (1.14), we know that there exists a sequence Qy €
L% N2 such that:

K(X.00) TH(X), as k 1 e

Therefore, for any £ > 0 we may find Q. € L; N.&? and A; € 4, P(Ae) >
1 — € such that
H(X)14, — K(X,0¢)14, < €ly,.

Since H(X) > K(X,0)VQ € L N2,
(K(X,Q0¢)+€)1a, > K(X,0)14, VQ € LGN 2.

This is the basic inequality that enable us to apply Lemma 1.8, replac-
ing there P with Q¢ and B with A,. Only notice that supg 7(X) < ¢ and
K(X,Q) > —oo forevery Q € L N Z. This Lemma assures that for every
partition I" of Q

(K'(X,0¢) + )14, > KT (X,0)14, VO € L'y N 2. (1.25)

From the definition of essential supremum of a class of r.v. equation (1.25)
implies that for every I
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(K (X,0e)+ )14, > sup KT (X,0)14, = H' (X)14,.  (1.26)
QeLNY

Since 7" < ¢, applying Proposition 1.5, equation (1.22), we get
(KF(XaQe) +8)1AE > ﬂ(X)lAE.

Taking the infimum over all possible partitions, as in Lemma 1.7, we de-
duce:
(K(X,0¢)+€)1a, > w(X)14,. (1.27)

Hence, for any € > 0
(K(X,Q¢) +&)1a, = m(X)1s, > H(X)1a, = K(X,Q¢)1a,

which implies 7(X) = H(X), since P(A¢) — 1 as € — 0.

Step 2. Now we consider the case when 7 is not necessarily bounded.
We define the new map y(-) := arctan(n(-)) and notice that y(X) is a ¢-
measurable r.v. satisfying |y (X)| < % for every X € Lg. Moreover Y is
(MON), (QCO) and y(X15)1g = w(X)1 for every G € ¢. In addition,
v inherits the (LSC) (resp. the (USC)*) property from 7. The first is a
simple consequence of (CFB) of 7. For the second we may apply Lemma
1.9 below.

v is surely uniformly bounded and by the above argument we may con-
clude

V(X)=Hy(X):= sup Ky(X,0)
QeLzNY

where
Ky(X,0) = 5152{1//(5) | Eg[8]9] =0 Eo[X|¥]}.

Applying again Lemma 1.5, equation (1.14), there exists Q¥ € L’ such
that
Hy(X) = 1i]£nK,,,(X,Q’<).

We will show below that
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Ky (X,0F) = arctanK (X, Q). (1.28)

Admitting this, we have for P-almost every o € 2

arctan(7(X) (@)) = Y(X) (@) = Hy(X) (@) = lim Ky (X, 0")(0)

= lilgnarctanK(X,Qk)(a))) = arctan(lilgnK(X,Qk)(a))),

where we used the continuity of the function arctan. This implies 7(X) =
lim; K (X, Q) and we conclude:

n(X) =limK(X,0") < H(X) < n(X).

It only remains to show (1.28). We prove that for every fixed Q € L%; N &
Ky(X,Q) = arctan (K (X, 0Q)).

Since 7 and y are regular, from Lemma 1.4 iv), there exist éhQ € Ly and
Th,Q € Lz such that

EoleR|9) >0 Eo[X|9), EoIn|¥) >0 EoX|¥).Yh>1,  (1.29)

ly(éhQ) 1 Ky(X,Q) and ﬂ(nhQ) L K(X,0), as i 1 . From (1.29) and the
definitions of K(X,Q), Ky (X, Q) and by the continuity and monotonicity
of arctan we get:

Ky(X,0) < li}Il'Il l[/(T]hQ) = 1i}rlnarctan7r(nhQ) = arctanli}rlnn(nhg)

= arctanK (X, Q) < arctanli}mn(éhQ) = li}m y/(éhQ) =Ky(X,0).

and this ends the proof of both Theorem 1.2 and 1.3.

Remark 1.7. Let D € . If U is a neighborhood of & € Lz then also the
set
Ulp+Ulpe = {Z=X1p+Ylp: | X €U,Y €U}



1.6 Proofs of the main results 45

is a neighborhood of &. Indeed, since U is a neighborhood of &, there
exists an open set V such that & € V C U. Since U C Ulp + Ulpc, we
deduce that & € V C Ulp + Ul and therefore & is in the interior of
Ulp+Ulc.

Let Y be ¢4-measurable and define:

A={ecly|n(€)<tan(Y)} B:={& €Ly |arctan(n(£)) <Y},

where
oo x< ,%
tan(x) = ¢ tan(x) —Z <x< X
oo x>14

Notice that A = {{ € B|m(§) <eoon {Y > %}} C B but the reverse
inclusion does not hold true in general: in fact every & € A satisfies
m(&) < oo on the set {Y > &} but it may happen that a § € B brings to

n(&) = +eoon {Y > I}

Lemma 1.9. Suppose that 7t is regular and there exists 0 € Lz such that
(0) < +oo. For any 4-measurable random variable Y, if A is open then
also B is open.

As a consequence if the map © is (USC)* so it is the map arctan 7.

Proof. We may assume Y > —7, otherwise B = 0. Let EeB, 0clLy
such that 7(0) < +co. Define & := él{ygg} + 91{Y>%}. Then & € A

(since 7 is regular and 7(0) < 7g(Y)). Since A is open, we may find a
neighborhood U of 0 such that:

So+UCA.
Define:
Vi= G+ U yeny +E+ Uy =&+ UG ) + UL gy

Then & € V and, by the previous remark, Ul{Yg%} +Ul {r>1} is a neigh-
borhood of 0. Hence V is a neighborhood of £. To show that B is open it
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is then sufficient to show that V C B. Let 1 € V. Then
n=mlyn+mly gy me+U),me (G +U).
Since &+ U C A, n; € A; therefore: w(n;) < tg(Y). Since 7 is regular

and {Y < Z} is & measurable, (1) = 7(1;) on the set {¥ < £}, which
implies: 7(1) <7g(Y)on {¥Y <%} and n € B.

Remark 1.8. Consider Q € & such that Q ~ IP on ¢ and define the new
probability

dP? dP
where a0 = Eg {dQ’g} L FeZ.

Then Q(G) = P(G) for all G € ¥, and so Q € Py. Moreover, it is easy
to check that for all X € Lz and Q € L; N & such that Q ~ P on & we
have:

EQ[X\,%] =Ey[X|¥9] (1.30)

which implies K (X, Q) = K(X, Q). To get (1.30) consider any A € ¢

Ep[Ey[X|9114] = EpEp[X|9]1a] = E[X14]

dPg dar?
—EQ dQ :EQ EQ XE 1A|g‘|‘|
ar¥
=Eg |Eg[X|9]—~ a0 =Ey[Eg[X|9]14]
= Ep[Eq [X|¥9]14]

Proof (Proof of Corollary 1.1). Consider the probability Q. € L% N &
built up in Theorem 1.2, equation (1.27). We claim that Q¢ is equivalent to
P on A¢. By contradiction there exists B € ¢, B C Ag, such that P(B) > 0
but Q¢ (B) = 0. Consider n € Lz, 6 >0 such thatP(n(n)+d < w(X))=1
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and define § = X1zc +n1p so that Eg, [§|9] >¢, Eg, [X|¥]. By regularity
7(&) = n(X)1zc + m(n)1p which implies for P-a.e. @ € B

(&) (@)+=n(n)(0)+5<x(X)(w) <K(X,Q¢)(w) +e<m(5)(w)+e

which is impossible for e < .50 Q¢ ~ P on A, for all small € < 6.
Consider Qg such that dd%g = dd%? 14, + %1( 4¢)C- Up to a normalization
factor Qe € L'z N Z and is equivalent to P. Moreover from Lemma 1.4
(v1) K(X, QS)IAS = K(X, QS)IAS and from Remark 1.8 we may define
Qg € Py such that K(X, Qg)lAE = K(X, Q,S)IA£ = K(X,Q¢)14,. From
(1.27) we finally deduce: K (X, Qg)lAE +€ls, > w(X)1y4,, and the thesis
then follows from Q; € Py .

1.6.3 Proof of the key approximation Lemma 1.8

We will adopt the following notations: If I'1 and I are two finite partitions
of &-measurable sets then I§ NI3 := {A; NA, | A; € I}, i = 1,2} is a finite
partition finer than each I and I5.

Lemma 1.10 is the natural generalization of Lemma 3.1 to the approx-
imated problem.

Lemma 1.10. For every partition I', X € Lz and Q € L'; N 2, the set
Ay (X) = {n" (§)|& € Ly and Eg[§|9] >0 Eo[X|4]}

is downward directed. This implies that there exists exists a sequence
{an,} € L such that
m=1

Eg[n|9) > EgX|9)Vm>1, x"'(n2) | K" (X,0)asmtee.

Proof. To show that the set .Q%QF (X) is downward directed we use the no-
tations and the results in the proof of Lemma 3.1 and check that



48 1 On the dual representation on vector spaces

(&) =al (&g +Elge) < min{ﬂfr(gl)vﬂr(éz)}-

Now we show that for any given sequence of partition there exists one
sequence that works for all.

Lemma 1.11. For any fixed, at most countable, family of partitions

{T(h) b1

=

and Q € L'y N P, there exists a sequence {.‘,‘,g } ) € Lg such that

m=

EQlE2|9] >0 Eg[X|9]  forallm> 1
n(Ed) | K(X,0) asmte
andforallh wM(EQ) | KTMW(X. Q) asm? eo.
Proof Apply Lemma 3.1 and Lemma 1.10 and find {@2},., {®}} 0, ...

{@!},, ... such that for every i and m we have Egl@l, | 4] >0 Eg[X|¥]
and

m(@)) L K(X,0) asmtoo
and for all & nr(")((pf"l) 1l KF(”)(X’Q) as m 1 oo,

For each m > 1 consider \iZ, 7t(@L,): then there will exists a (non unique)
finite partition of Q, {F;,}", such that

m m
A7(@n) =Y w(@n)15.
i=0 i=0
Denote £2 =: Y7, qo,"nl% and notice that Y (@i )1 Fi (REG) 2 (é,,?)

and Eg[E2|9) > E[X|¥] for every m. Moreover m(£2) is decreasing
and 7(£%) < (@) implies (&%) | K(X, Q).
For every fixed i we have (&) < (@) for all & < m and hence:
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a" " (E2) < x" "W (gph) implies " (E2) L KT (X, 0) as m 1 e,

Finally, we state the basic step used in the proof of Lemma 1.8.

Lemma 1.12. Let X € Lg and let P and Q be arbitrary elements of L'z N
P. Suppose that there exists B € 9 satisfying: K(X,P)1p > —oo, mp(X) <
+o0 and

K(Xa Q)IB < K(XaP)IB + €lp,

for some € > 0. Then for any § > 0 and any partition I there exists I" D I
for which
K" (X,0)15 <K"(X,P)1z+€lg+ 51

Proof. By our assumptions we have: —eo < K(X,P)1p < mp(X) < oo
and K(X,0)1p < mg(X) < +oo. Fix § > 0 and the partition Ij. Suppose
by contradiction that for any I" D Iy we have P(C) > 0 where

C={wecB|K'(X,0)(0) > K (X,P)(w)+e+8}. (1.31)

Notice that C is the union of a finite number of elements in the partition

I. -
Consider that Lemma 1.4 guarantees the existence of {éhQ}h | €Ly

satisfying: N

n(ER) L K(X,0), ashteo, , EgléP19] >0 Eg[X|4] Vh > (1.32)
Moreover, for each partition I and & > 1 define:

0

pf i~ {wela €20 - xE00) < § } €9,

and observe that !’ (éhQ) decreases if we pass to finer partitions. From
Lemma 1.6 equation (1.20), we deduce that for each 4 > 1 there exists

a partition r (h) such that P (Di(h)) >1— ﬁ For every h > 1 define
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h
the new partition I'(h) = ( N F(h)) NIy so that for all 4 > 1 we have:
j=1

pr®

F(h—i—l)QF(h)QFO,]P’( >1— 4 and

( (&) + >1 ry > (n”h)(g,?)) Ly ¥h = 1. (1.33)

Lemma 1.11 guarantees that for the fixed sequence of partitions {I"(k)};>1,
there exists a sequence {6,5 }::1 € L, which does not depend on £, sat-
isfying
[5 9] >p Ep[X|9]Vm > 1, (1.34)
TmEry | KTW(X,P), asmt oo, Yh>1. (1.35)

For each m > 1 and I"(h) define:

L ;{wec|nf<h><¢,5>< ) =KX P) (@) < i}eg

Since the expressions in the definition of C,I,; ™) assume only a finite num-
ber of values, from (1.35) and from our assumptions, which imply that
KT (X, P) > K(X,P) > —oo on B, we deduce that for each I"(h) there

exists an index m(I"(h)) such that: P (C\Cgélﬁ)(h)» =0and

5
KF(h)(X,P)ICp((p(h)) > (ﬂ”h>(€£<r<h>))—4> Lroy »Yh>1. (136)

(L (1))

Set £, = DL W' nct™

(I () € ¢ and observe that

1z, —»1c P—as. (1.37)

From (1.33) and (1.36) we then deduce:
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( (&) + >1E,, > (27D g, Wh 2 1, (1.38)

1)
KF(h)(X,P)lEh > <”F(h)(§n€(r(h))) — 4> 1g,, Yh> 1. (1.39)

We then have for any 7 > 1

o)
”(éhQ)lE,HerE ( " (Ef )) 1p, (1.40)
> KT (X, 0)1g, (1.41)
> (K (h)(X,P)JreJrS) 1p, (1.42)

0
> (ﬂF(h)( ’i’(r(h)))—4+e+6> 1, (1.43)
> (n:( P ry) e+ 5) 15,. (1.44)

(in the above chain of inequalities, (1.40) follows from (1.38); (1.41) fol-
lows from (1.32) and the definition of KT'®)(X,Q); (1.42) follows from
(1.31); (1.43) follows from (1.39); (1.44) follows from the definition of
the maps 7,r()).

Recalling (1.34) we then get, for each 2 > 1,

o 1)
n(§2) 1, > <7f(§ri(r<h)>) +e+ 2) 1g, > (K(XJ’) +e+ 2) 1g, > —oo.

(1.45)
From equation (1.32) and (1.37) we have n(éh g, — K(X,0)1¢ P-as.
as h 1 oo and so from (1.45)

ch(X,Q) = 11}{1177,'(6}?)1[;}! > li}EIIlEh (K(X,P)+€+ g)

=1c <K(X,P) +e+ g)
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which contradicts the assumption of the Lemma, since C C B and P(C) >
0.

Proof (Proof of Lemma 1.8). First notice that the assumptions of this
Lemma are those of Lemma 1.12. Assume by contradiction that there ex-
ists Iy = {BC, I}, where I is a partition of B, such that

P(w € B| K (X,0)(w) > K0(X,P)(®) +¢€) > 0. (1.46)

By our assumptions we have K10(X,P)1p > K(X,P)1p > —oo and
K'0(X,0)1p < mp(X)1p < +oo. Since K'0 is constant on every element
AD € I, we denote with KA™ (X,Q) the value that the random variable
K10 (X, Q) assumes on A0, From (1.46) we deduce that there exists AT C
B, Al € I, such that
too> KAY(X,0) > KNV (X, P) + £ > —o.
Let then d > 0 be defined by
i Al
d=:KY"(X,0)—K*°(X,P)—e. (1.47)

Apply~Lemma 1.12 Zvith o= %: then there exists I" D Iy (wlo.g. ' =
{B€,I'} where I" D Iy)) such that

k' (X,0)15 < (K (X,P)+€+6) 15 (1.48)

Considering only the two partitions I and Iy, we may apply Lemma 1.11
and conclude that there exist two sequences {{/}7_ | € L& and {éhQ}Z’:l €
Lz satisfying as /i 1 oo:
Epl&|9) >p Ep[X|9], m0(EF) L KTO(X,P), 7' (&) L K" (X @)49)
Egl6P19) 20 Eolx|9), n0(&2) LK™(X,0), n"(£9) L K" (X @50)
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Since K10(X, P) is constant and finite on AT, from (1.49) we may find
h1 > 1 such that

A d
EXF()(‘;{J)_KAFO(va)<§7Vh2h1. (1.51)

From equation (1.47) and (3.3) we deduce that

~ d N d
7y (&) <KAF°(X,P)+§ :KA%(X,Q)—s—d+§, Vh>hy,

and therefore, knowing from (1.50) that KA (X,0) < mny (ith ),

d
”;%(5f)+§ < (E8)—€ Vh>h. (1.52)

We now take into account all the sets AL C Al C B. For the conver-
gence of nAr(éhQ) we distinguish two cases. On those sets A" for which

kA" (X,Q) > —oo we may find, from (1.50), 2 > 1 such that
Q AF 8 —
Tyr (§0) —K* (X,0) < 5 Vh=h.
Then using (1.48) and (1.49) we have

5 5 5
Ty (§0)<K* (X,Q)+5 <KV (X,P)+e4+8+5 <myr (&) +e+8+5

so that "
”Af(éhg) < 7T,4F(<§;f)4-8+7 Vh>h.

On the other hand, on those sets AL for which K" (X, Q) = —co the con-
vergence (1.50) guarantees the existence of 7 > 1 for which we obtain
again:

35 ~
i (E2) <7rAp(§,f’)+,s+7 Vh>h (1.53)
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(notice that KT (X,P) > K(X,P)1g > —co and (1.49) imply that 7, (EF)
converges to a finite value, for AT CB).

Since the partition I" is finite there exists o > 1 such that equation
(1.53) stands for every AT C A0 and for every & > hy and for our choice
of § = % (1.53) becomes

d -
”AF(§E)<7TAF(§5)+8+5 Vh>hy, VAT CAD. (1.54)

Fix h* > max{hi,hy} and consider the value 7;r, (é,g) Then among all
AT C AT we may find BT C AT such that myr (éhQ*) = T (éhQ*) Thus:

(1.54)

5 d
<

ﬂBr(élﬁ)-l-E-ﬁ-*

T (5i7) = mpr (§2) >

d (152)
S”g%(é;ﬁ)-i—&‘-l—i < (E9).

which is a contradiction.

1.7 A complete characterization of the map 7

In this section we show that any conditional map 7 can be characterized
via the dual representation (see Proposition 1.6): we introduce the class
7% of maps S : £ — LY such that S(-,&’) is (MON), (CFB) and (REG)
(i.e. S(Y14,0)14 = S(Y, Q)14 VA € D).

Remark 1.9. S: X — l_,% such that S(-,&’) is (MON) and (REG) is auto-
matically (QCO) in the first component: let Y1,Y>,A € L%, 0<A<I1and
define B={Y; <Y»}, S(-,0) = S(-).

S(M1p) < S(Yo1p) and S(Yo1lpe) < S(Y11pc) so that from (MON) and
(REG)
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REG
(Y213+Y113c) ( = )S(Y2)13+S(Y1)IBC

SAYI+(1-A)) <S
< S(Y)VS(Ya).
Notice that the class %/ is non-empty: for instance consider the map

R* (-, &) defined by

RT(Y,E") =esssup R(Y', &) (1.55)
Y'<y

As shown in the next Lemma, R inherits from R (MON), (REG) and is
automatically (CFB). This function plays an important role in the proof of
Proposition 1.7.

Proposition 1.6 is in the spirit of [10]: as a consequence of the dual rep-
resentation the map 7 induces on R (resp. R™) its characteristic properties
and so does R (resp. R*) on 7.

Lemma 1.13. If ©: Lz — Ly is (REG) and (MON) then R € .

Proof. Clearly R (-,Q) inherits from R(-,Q) the properties (REG) and
(MON). From Remark 1.9 we then know that R™ (-, Q) is (QCO). We show
that it is also (CFB). Let ¥, 1 Y. It is easy to check that (MON) of R(-,&")
implies that the set {R(1,&’)|n < Y} is upward directed. Then for every
€,6 > 0 we can find ng <Y such that

P(RT(Y,§") —R(1e,&') <€) >1-8 (1.56)

There exists an n, such that P(¥, > n¢) > 1 — & for every n > ng. De-
note by A, = {Y¥, > 1.} so that from (REG) we have R"(Y,,&")14, >
R(Ne,&")14,. This last inequality together with equation (1.56) implies

P(RY(Y,E")—RT(V,,E') <€) >1-28 Vn>n

ie.RT(Y,,0) LRt (Y, Q). Since R* (Y, Q) 1 we conclude that R (¥,,, Q) 1
R*(Y,Q) P-almost surely.

Proposition 1.6. Consider amap S : X — Ly.
(a) Let x C L%, X € Ly and
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m(X) = sup S(E[X&'|9],E").
&'ex

(Recall that (E[§'X|9],E") € X foreveryX € Lz, §' € L’;).

Then for everyAc 9, (Y, E'YeXZ, A€lyNLgand X € Ly

i) S(Y14,8") 1y = S(Y,&") 14 = 7 (REG);

ii)Y — S(Y,E') (MON) = 1 (MON);

iii) Y — S(Y,&') is conditionally convex = T is conditionally convex;

i)Y = S(Y,E) (QCO) = 1 (QCO);

v) S(AY,E") =AS(Y, &) = n(AX) = An(X), (A > 0);

vi) S(AY,E") =8(Y,&') = n(AX) = n(X), (A > 0);

vii) Y — S(Y,E") (CFB) = 1t (CFB).

viii) S(E[(X + A)E'|9],E") = S(EIXEF),E") + A = m(X +A) =
n(X)+A.

ix) S(EI(X + A)EI91,E) > S(EXE|F],E) + A — 7(X +A) >
T(X)+A.

(b) When the map S is replaced by R defined in (1.5), all the above items -
except (vii) - hold true replacing “=—=" by “<=".

(c) When the map S is replaced by R™ defined in (1.55), all the above items
- except (iii) - hold true replacing “—" by “<="".

Proof. (a) Items from (i) to (ix) are trivial. To make an example we show
(iv): for every ¢-measurable A, 0 < A <1, and X|,X; € Ly, we have
Ep[(AXl + (l —A)Xz)€’|%] = AEP[X1€/|%] + (1 —A)Ep[Xzé/Kf]. Thus
S(AEp[X1&19]+ (1 - A)Ep[X:E'|9],E7)
< max {S(Ep[X1&'|9].£"),S(Ep[X:26"19],8") }
< maX{ sup S(Ep[X1&'|9], &), sup S(EP[Xzé’Iff],i’)}
&ex gex

thus
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T(AX; +(1-A)X;) = suEbS(AEQ[X\g] +(1-A)EglY|9],Q)
0e

< max{ sup S(Eg[X|¥4],0), sup S(EQ[Y|§¢],Q)}
Qe Qe
=n(X;)Vr(Xs).

(b): The ‘only if” in (i) and (ii) follow from Lemma 1.3. Now we prove the
remaining ‘only if” conditions.
(iii): let ¥, Y>,A € LY, 0 < A < 1 then

RAYI +(1-A)n,E) =
=§g§&d®|EE?M12AH+(LﬂQH}

= inf {m(Am 41 —A)m) [E[(An+(1-A)m)E'|9] = .}

< _inf  {m(Am+(1—-A)m) | EmE 9] > iNEME|9] > 1o}
M,mELy

< AR, &)+ (1-A)R(12,E)
(iv): follows from Remark 1.9 since R is (MON) and (REG).
(v):

R(AY.E') = éielifh{ﬂ(é) |EAT'EE 9] > v}

7

= inf {n(An)|EME|¥] =Y} =AR(Y.E)
nely
(vi): similar to (v).
(vii):
R(E[(X +4)¢"|9],6")
= ot {x(&) | E[(¢-4)8'] > Elx¢9))

= it {r(n+A)|E[n&'|9] > E[XE'|9]} =R(E[XE'|9),0) + A
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(ix): similar to (viii).
(c): by definition R™ inherits from R (MON) and (REG) so that we can
also conclude by Remark 1.9 that the ‘only if ’in (i), (ii) and (iv) holds
true.

(v): we know that T(A-) = Az(-) implies R(A-,&’) = AR(-,&’). By def-
inition

RY(Y,&") = sup R(Y',E') = sup %R(AY’,&’)
Y'<Y Y'<y
1 1

= — sup R(Y',E')= —RY(AY,&).

7,50 R8N = ZR* (Y.

(vi), (vii) and (ix) follows as in (V).
(vii): is proved in Lemma 3.10.

Proposition 1.7. Suppose that 6 (L g ,L";) satisfies the C-property and L 7
is order complete. T : Ly — Ly is (MON), (QCO), (REG) and o(Lgz,L%)-
(LSC) if and only if there exists S € 1" such that

_ dQ
n(X)= sup s(zs[ﬂpx%},g). (1.57)

QeLy N

Proof. The ‘if *follows from Proposition (1.6). For the ‘only if *we already
know from Theorem 1.2 that

w0 s n(6[%x] o).

QeLNP

where R is defined in (1.5). For every Q € L, N % we consider R* (-, Q) <
R(-,Q) and denote X¢ = E [%X\g} . We observe that
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n(X) > sup RT(X?,0)= sup sup R(Y',Q)
QeLGNY QeLGNPy <xQ
6>0
> sup  sup R(X¢-6,0)
QeLENP X2 §<xQ
= sup sup R(E[(X—90)-dQ/dP|¥],0)=supn(X —9J)
0>0Q€eLNS 6>0

and so for RT € %’g ” we have the representation

n(X)= sup 7R+(EQ[X|§£],Q).
QeLGNY

1.7.1 A hint for further research: on the uniqueness of the
representation

In [10] the authors provide a complete duality for real valued quasiconvex
functionals when the space L4 is an M-space (such as L™): the idea is to
reach a one to one relationship between quasiconvex monotone functionals
7 and the function R of the dual representation. Obviously R will be unique
only in an opportune class of maps satisfying certain properties. A similar
result is obtained in [11] for the L? spaces with p € [1, +co), which are not
M-spaces.

Other later results can be found in the recent preprint by Drapeau and
Kupper [19] where a slightly different duality is reached, gaining on the
generality of the spaces.

Uniqueness is surely a more involving task to be proved for the condi-
tional case and a complete proof need further investigation in the vector
space case. Fortunately we are able in Chapter 3 to succeed it for the class
of L%-modules of L? type, which is the counterpart of the findings pre-
sented in [11].
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For what concerns vector spaces, we provide only a partial - not much
rigorous - result when ¥ is countably generated. For sake of simplicity we
restrict our discussion to the space Ly = L7 in order to exploit directly
the uniqueness results in [10] section 5. The following argument can be
adapted to the case of L?, p € [1,4o0), combining the results in [11] and
[10].

Consider the following conditions

H1  S(-,Q) is increasing for every Q € L; N &,

H2 ianeL% S(Y,01) = ianeL% S(Y,Q») forevery Q1,0, € Ly N

H3  S(Y,0)1a =S(Y14,0)14 = S(Y14,014)14;

H4  for every n, S(-,Q)14, = $*(-,Q)14,, where S4 (-, Q) is jointly <{>-
evenly quasiconcave on R x Q € L; N &7,

H5 foreveryX € Ly

sup  S(E[XdQ/dP|¥],") = sup ST(E[XdQ/dP|¥],¢")
QeLZNS QeLZNS

with ST as in (1.55).

Claim: let 4 = o({A,},en) where {A, } ey is a partition of Q and #
satisfying the assumptions of Theorem 1.2. The function R is the unique
in the class //l,?cx of functions S satisfying H1, H2, H3, H4 and HS.

Idea of the proof. Surely from Lemma 1.3 R € ///;)CX (the last item is
explained in the second part of the proof). By contradiction suppose that

there exists S € .#9. such that

qcx

T(X)= sup S (E {"ng} ,Q) . (1.58)
OeL, NP dp

and P(S(Y,Q) # R(Y,Q)) > 0 for some (Y,Q) € L, x (L% N 7). Hence
we can find A = A,, for some n such that R14 # S1y4.

As previously mentioned 7 induces on w4 the properties (MON), (QCO),
(CFB). The space L5 14 = {§14|& € L% } is an M-space so we may apply
Theorem 5 in [10] on the map 74 : L 14 — R. Clearly the order dual
(L%14)* = L1, and then we get
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m(X)= sup R* ( { QXIA] Q1A> = sup R (E {dQXIA] Q1A>
QeLLnz dp QeLlny dp
(1.59)

RY:Rx (L N2) — Ris given by
Ro01) = i {m(@)1 | e =5}

and RY (t,014) = sup,_, RA(f',Q14). R? is unique in the class ///L?Lx( )
of functions $* : R x (L', N &) — R such that $* is increasing in the
first argument in the first component, jointly <{>-evenly quasiconcave,
inf,er S4(1,0114) = infier S*(r,0214) for every Q1,0» € L'y N # and
the second equality in (1.59) holds true.

Now notice that R414 = R14 and from (1.58)

EA(X)IA = sup S <E |:ZI§X1A:| ,QIA) 1A

QgeLlnz

hence from uniqueness S14 = R*14 = R1, which is absurd.






Chapter 2

An application to Finance and Economics:
the Conditional Certainty Equivalent

2.1 An intuitive flavour of the problem

A non-atomic probability space (,.#,P) and a right continuous filtra-
tion {.% },;>0 are fixed throughout this chapter. All the other notations are
conformed to those in Chapter 1.

It is well known in Mathematical Finance literature that under op-
portune No-Arbitrage assumptions we can guarantee the existence of an
equivalent probability measure Q ~ P such that the price processes are
martingales. Let us consider a replicable claim C, with time 7" maturity
(i.e. Zr measurable). The Black and Scholes time-# value, is given by the
formula

V(H) = 77 (C) = FEQlBrCI 7] 1<T @1
where Vi (H) = C, H is the replication strategy and f3 the discount stochas-
tic factor.

In order to introduce the main purpose of this chapter we want to look
to this formula from an utility point of view. Suppose that an investor’s
preferences are described by the stochastic field
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dQ

u(x,1,0) = xp (@) — (@)

where ‘ii%’ = Ep[‘é% | #]. If one consider a .%;-measurable random vari-

able X, then the solution ¥; of the equation
u(Ys,s,0) = Eplu(X,t) | F)

gives the the time-s equivalent random endowment of X with respect to
the preferences induced by u. It is well known that a process Y turns out
to be a Q martingale if and only if Ep [Y, | T =X ‘f%, applying this
result to the equation

dQy
dP

aQy

BS Y.X dP

R {ﬁt |ﬂ] 22)

we get that the process {fBY; }o<s<; is @ Q-martingale. Then
ﬁsYs = E@ [ﬁtX | ﬁs]

i.e. whenever X is replicable Y; is exactly the price 7, (X) given by (2.1).
From this point of view Black and Scholes theory appears as a particu-
lar case of a general theory involving dynamic stochastic preferences, in
which the linearity of the utility functions implies the complete absence of
the investor’s risk aversion.

Moreover the formula (2.2) highlights another troublesome feature
arising when we work with stochastic fields: it concerns with the P-
integrability of ﬁtX > namely

d
s |BIxI%E | <= @3)

One may overcome it assuming that 8 is deterministic or satisfies some
boundary conditions. Another approach could be introducing the right
space of random variables for which condition (2.3) is naturally satisfied,
without any further assumption on 3. As we will show later Musielak-
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Orlicz spaces seem to fit perfectly to our aim: for each time ¢ the utility
u(x,t,®) induces a generalized Young function #, which defines a space
M (Q,. 7, P). Thus we are dealing with a time-indexed class of spaces
for which the pricing functional 7, is compatible with time consistency.

2.2 Definitions and first properties

Definition 2.1. A stochastic dynamic utility (SDU)
u:Rx[0,0) x Q = RU{—co}

satisfies the following conditions: for any ¢ € [0, 4-0) there exists A; € .%;
such that P(4,) = 1 and

() the effective domain, 2(t) := {x € R: u(x,t,®) > —eo} and the range
R(t) = {u(x,t,0) | x € 2(t)} do not depend on @ € A,; moreover 0 €
intP(t), Eplu(0,1)] < 40 and Z(t) C Z(s);

(b) for all @ € A; and 7 € [0,4) the function x — u(x,t,®) is strictly
increasing on 2(t) and increasing, concave and upper semicontinuous
on R.

(©) @ — u(x,t,-) is #—measurable for all (x,7) € Z(t)x [0, +oo)

The following assumption may turn out to be relevant in the sequel of
the paper, even if not necessary for the definition of SDU.

(d) For any fixed x € 2(t), u(x,t,-) <u(x,s,-) forevery s <t.

Remark 2.1. We identify two SDU, u ~ u, if for every ¢ € [0, 4o0), the two
domains are equal (2(t) = (1)) and there exists an .%-measurable set B;
such that P(B,) = 1 and u(x,7, ®) = u(x,t, ®) for every (x,®) € 2(t) x B;.
In the sequel, we denote u(x,¢,-) simply by u(x,t), unless confusion may
arise.



66 2 An application to Finance and Economics: the Conditional Certainty Equivalent

In order to define the conditional certainty equivalent we introduce the
set
U () ={X € L°(Q,7,P)|u(X,1t) c L'(Q,F,P)}.

Lemma 2.1. Let u be a SDU.

i) (Inverse) Let t € [0,00) and A; € %, as in Definition 2.1: the inverse
function u™" : Z(t) x[0,00) x A, — D(t)

u_l(u(x,na)),t,a)) =X (2.4)

is well defined. For each @ € A,, the function u™" (+,t, @) is continuous
and strictly increasing on Z(t) and u='(y,t,-) is #,— measurable for
ally e Z(t).

ii) (Comparison) Fix any t € [0,0); if X,Y € % (t) then u(X,t) < u(Y,t)
if and only if X <Y. The same holds if the inequalities are replaced by
equalities.

iii) (Jensen) If X € L}% and u(X,s) is integrable, then, for all s <t,

Ep [u(X,s)|%] < u(Ep[X|-Zsl,s).

iv) (Extended Jensen) Suppose u(x,s) is integrable for every x € 9(s). Let
Xe L?%, such that u(X,s)~ is integrable. Then

Ep [u(X,s)| %] <u(Ep[X|Zl,s). (2.5)
where the conditional expectation is meant in an extended way.

Proof. 1) Since both assumptions (a) and (b) hold on A;, the existence of
a continuous, increasing inverse function follows straightforwardly. From
assumption (c) we can deduce that u’l(y,t,~) is .#;-measurable for all
yEZ(t).

ii) Is also immediate since u is strictly increasing as a function of x.

iii) This property follows from the Theorem p.79 in [60].

iv) First we suppose that u(0,s) = 0. This implies that u(X,s)14 = u(X14,s)
for every A € .%;. Recall that if Y € L%“, and Y > 0 then Ep[Y|.%] =
lim, Ep[Y 1y <,|%;] is well defined.
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First we show that u(X,s)™ integrable implies Ep[X1{x o}|-F] > —oo
and therefore both terms in (2.5) are well defined. From the equality
—u(X,s)lix<oy = u(X,s)” we get that u(X,s)1x—gy is integrable. From
iii) we have that u(0,s) > u(X1jo>x>_n},s) > u(—n,s) implies:

Ep[u(X1josx>—n},8)|Fs] Su(Ep[X1iosx>_ny|Fslss)- (2.6)
By monotone convergence, from (2.6) we then get our claim:
—oo < Eplu(X1ix<oy,5)| 7] < u(Ep[X1ix<0}|Fl,5).
Applying iii) in the second inequality below we get:
Eplu(X,s)|.75] = im Ep[u(X,$)Lio<u(x 5 <n} | Fs] 2.7
+ EP[M(X7S)1{u(X,s)<0}‘ys] (2.8)
= lirflﬂEP[“(Xl{ogxgn},sﬂfs]

< limu(Ep[X1jo<x<ny | Fs],5) =u(Ep[X | F],5X2.9)

Notice that on the .%;-measurable set G* := {Ep[X|.%;] = +oo} the equa-
tion (2.5) is trivial. Since Ep[—X ~|.%;] > —oo, it is clear that Ep[|X||.%] =
+oo on a set A € .F iff Ep[X|.%] = +oo on the same set A. Therefore, by
defining G, :={w € Q\ G™ | Ep[|X| | Zs](®) < n}, we have: G, T 2\ G™.
Since each G, is .%;-measurable, the inequality (2.8)-(2.9) guarantees that

—Ep[u(X1g,,s)” | 7] < Eplu(X1g,,s)|.7s] < u(Ep[XT16,|-7],s)
< u(Ep[|X||#],5)1G, < u(n,s)

and therefore u(X1g,,s) is integrable. Obviously, X1g, is also integrable
and we may apply iii) (replacing X with X1, ) and deduce

Eplu(X,s)|.Z1g, = Ep[u(X1g,,s)|-Z]

< u(Ep[X1g,|Z],s) = u(Ep[X|.F],5)1G,
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The thesis follows immediately by taking the limit as n — oo, since G, 1
Q\G™.
For a general u(x,s), apply the above argument to v(x,s) =: u(x,s) —

u(0,s).

A SDU allows us to define the backward conditional certainty equiva-
lent, that represents the time-s-value of the time-¢-claim X, for 0 <s <r <

oo,

Definition 2.2. (Conditional Certainty Equivalent) Let u be a SDU. The
backward Conditional Certainty Equivalent C; ;(X) of the random variable
X € % (1), is the random variable in % (s) solution of the equation:

u(Css(X),s) = Ep [u(X,1)|.Z] . (2.10)
Thus the CCE defines the valuation operator
Cop: U (t) = U(s), Cor(X) =u" " (Ep[u(X,1)|Z]),s).  (2.11)

Observe that Ep [u(Cs,(X),s)] = Ep[u(X,?)] and so indeedC,(X) €
U (s).

The definition is well posed

1. For any given X € % (t), Ep [u(X,1)|.%] € L'(Q, %, P).
2. Choose two arbitrary versions of the conditional expectation and of
the SDU at time s, namely Ep [u(X,1)|.%,], Ep [u(X,t)|.%,] and @(x,s),

u(x, s).
3. Forall o € Ay, Ep [u(X,1)|.7] (0) € Z(t) C Z(s). We find a unique

solution of u(C (X),s) = EPS[M(X,t)L%} defined as
Cos(X)(@) =0 ' (Ep [u(X,1)|.%] (0),5,0) Yo A,

4. Repeat the previous argument for the second version and find av_,l (X)
which differs from Cs,(X) only on a P-null set.
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We could equivalently reformulate the definition of the CCE as follows:

Definition 2.3. The conditional certainty equivalent process is the only
process {Y;}o<s<; such that ¥; = X and the process {u(Y;,s)}o<s<s is a
martingale.

In the following proposition we show some elementary properties of
the CCE, which have however very convenient interpretations. In i) we
show the semigroup property of the valuation operator; iii) show the time
consistency of the CCE: if the time-v-values of two time ¢ claims are equal,
then the two values should be equal at any previous time; iv) and v) are the
key properties to obtain a dual representation of the map Cs, as shown in
Chapter 1; property vi) shows that the expectation of the valuation operator
is increasing, as a function of the valuation time s and the second issue
expresses the risk aversion of the economic agent.

Proposition 2.1. Let u be a SDU, 0 < s <v <t <ooand X,Y € U (t).

i) Cs,t (X) = Cs,v(Cv,t (X))

i) Gy (X) =X.

iii) If Cyy (X) < Cyy(Y) then for all 0 < s < v we have: Cs;(X) < Cs;(Y).
Therefore, X <Y implies that for all 0 < s <t we have: Cs;(X) <
Cs+(Y). The same holds if the inequalities are replaced by equalities.

iv) Regularity: for every A € Fy we have

CS’I(XIA + YlAc) = CS’,(X)IA +C57[(Y)1AC

and then Cy; (X )14 = Cs;(X14)14.

v) Quasiconcavity: the upper level set {X € % | Cs;(X) > Y} is condi-
tionally convex for every Y € L?%.

vi) Suppose u satisfies (d) and for every t € [0,+o0), u(x,t) is integrable
for every x € D(t). Then Cy;(X) < Ep [Cys(X)| ] and Ep [Cs;(X)] <
Ep[Cys(X)]. Moreover Cy (X)) < Ep[X|.%] and therefore Ep [C; (X )] <
Ep[X].

Proof. By definition:
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Co (X)) 2 Epu(X,0)| 7], X € % (1)

(G,
u(Co s (
(Cs0(2),s5) = Epu(Z,v)|F), Ze WU (v)

u

>
=

[
N

Epu(X,t)| %, X € % (1)

—
X
N

i) Let Z = C,;(X) and compute:

U(Cop(Cos (X)) = u(Cor(2),5) Y Ep[u(z,v)| %)

Y e [Ex (X, 0| ,] | 7] = Eelu(X.0)1 7] 2 u(Cu(X).5)
ii) Obvious, since u(Cr(X),1) 2 Ep [u(X.,1)| 7] L u(X.1).
iii)

—
N

u(Cyr(X),5) 2 Ep[u(X,1)|.7)] = Ep [Es [u(X, 1) 2] | 7]

Y Ep [u(Cor (X)) 73] < Ep [u(Co(¥).0)| 7]

O B [Ep [u(V.0)| ] |1 7)) 2 w(Coy (V). 5).

A/_\
N

If X <Y then C;,(X) < C;,(Y) and the statement follows from what we
just proved. The same for equalities.
iv) Consider every A € .%; and notice that

CSJ(XIA +Y1Ac) = u_l (EP[M(X,I)IA -I-M(YJ)IAC |jy]’s)
= u*I(E[p[u(X,t) | F5|]1a,s) +u71(Ep[u(Y,t)|fS]lAc,s)
== S,t(X)lA +CS,I(Y)1AC
v) Fix an arbitrary Y € L?% and consider the set % = {X € % | Cs,(X) >
Y} Take X1, X, € ¥ and A € L% , 0 <A < I
Ep[u(AXl + (1 —A)Xz,l”gs] >
AEP[M(Xl,tﬂys] +(1 —A)Ep[u(Xz,t”ys] > u(Y,s)
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hence we get the thesis composing both sides with u~!(-,s) .
Vi)

u(Cyr(X),5) < Ep fu(

ie
©
1
5
)
=
=
>
K
©

= Ep[u(Cor(X),v)|. 7] < Ep [u(Cyr(X),5)| 7]
< u(Ep[Cos(X)| 7). 5).

We applied in the last inequality the extended Jensen inequality, since
(u(Cys(X),s))” is integrable. The second property follows by taking v =1t
and observing that C; ,(X) = X.

Remark 2.2. Comparing the definition of SDU with the existing literature
about forward performances ([6],[63],[64]), we may notice that the CCE
does not rely on the existence of a market: this allows a higher level of
generality and freedom in the choice of the preferences of the agent. We
recall that an adapted process U (x,t) is said to be a forward utility if

1. it is increasing and concave as a function of x for each ¢.
2. U(x,0) =up(x) €R
3. for all T > ¢ and each self-financing strategy represented by 7, the as-
sociated discounted wealth X” (see Section 2.3 for the rigorous defini-
tions) satisfies
E]P’[U(X%T7T) | %} < U(Xtﬂ7t)

4. for all T > ¢ there exists a self-financing strategy 7* such that X™ sat-
isfies
Ep[UXF \T)|Z2] =UX 1)

Surely if one take into account this stronger definition and tries to ap-
ply it for the computation of the CCE of these self-financing discounted
portfolios X then only for the optimal strategy ;" we have that

oy (th*) =Xx7

whereas in general
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CSJ (Xt”) < Xsﬂ

This points out an economic interpretation of the CCE: given the final
outcome of some risky position we backwardly build up a process which
takes into account the agent’s random risk-aversion. For replicable con-
tingent claims it means that X — Cy,(X/") measures the gap between the
real value of the claim at time s, and the smallest amount for which the
decision maker would willingly sell the claim if he had it. The gap will be
deleted whenever we move through an optimal strategy.

The previous remark suggests the following

Definition 2.4. Let 0 < s <t < oo and let u be a SDU. The conditional
risk premium of the random variable X € % (¢) is the random variable
pst(X) € LY(Q,.F,P; P) defined by:

Ps.1(X) := Ep[X[.7] = Gy (X).

We now consider some properties of the dynamic stochastic utility u
when it is computed on stochastic processes.

Proposition 2.2. Ler {S; }/>0 be an { % }1>0— adapted process such that
Sy € % (t) and consider the process {V, },>o defined by V, = u(S;,1).

i) {Vi}i>0 is a ({&F }i>0,P)—supermartingale (resp. submartingale, resp
martingale) if and only if Cs ;(S;) < S (resp. Cs;(S¢) > S, resp Cy 4 (S;) =
Ss) forall 0 < s <t < oo,

Moreover if in addition u satisfies (d) and for every t € [0,4o0), u(x,t) is
integrable for every x € 9(t) then

ii) If {St }i>0 is a ({ % }e>0,P) —supermartingale, then the process {V; }+>0
defined by Vi = u(Sy,t) is a ({% }i>0,P)—supermartingale and thus
Cst(Sr) < Ssforall0<s <t <eo

i) If Cs 4 (S;) = Ss forall 0 < s <t <oothen {S; }+>0 is a ({ % }1>0,P) —sub-

martingale.

Proof. 1) If u(S;,t) is a supermartingale, then
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(2.10) o~
u(Css(St),8) =" Epu(Ss,1)|F) <u(Ss,s) forall0 <s <t
and therefore Cy,(Sy) < S;. Conversely if C,(S;) < S; then

(2.10)
Ep [u(Si,0)| %] =" u(Csy(Sr),5) < u(Ss,s)
and u(S;,t) is a supermartingale. Similarly, for the other cases.
ii) From extended Jensen we get:

()
Ep [u(S;,t)|.F] < Epu(S;,s)|Fs] <u(Ep[Si|F],s) <u(Ss,s).
iii) From Proposition 2.1 vi) we deduce: Sy = C;,(S;) < Ep [S;].Z5] -

Remark 2.3. When u satisfies (d) and for every r € [0, +0), u(x,t) is inte-
grable for every x € 2(t) and {S; };>0 is a ({:%# };>0, P) —martingale, then
{Vi}is0 is a ({# }1>0,P) — supermartingale, not necessarily a martingale.

2.3 A local formulation of the CCE

Let (2,.7,{% };>0,P) be a filtered probability space where the filtra-
tion {.% };>0 is generated by a d-dimensional brownian motion W =
{W,..., W4T} ,~0, where 1 indicates the transposed of a matrix. For
i=1,...,k, the price of the i risky asset and the bond are described re-
spectively by

48! = St (uidt +0;-dW,), B, = rBdr

with Si > 0, By = 1; 6, = (0/") is the d x k volatility matrix and - the
usual vector product, which will be often omitted. Following Musiela and
Zariphopoulou, we assume L, — r;1 € Lin( G,T), i.e. the linear space gener-
ated by the columns of G,T. Denote by (o;T)+ the Moore-Penrose pseudo-
inverse of the matrix o, and define A, = (o,)* (1, — 1r;), which is the

solution of the equation O'th = W, — 1r,. The present value of the amounts
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invested in By, S! are denoted by 7r,0, 7!, respectively. The present value of
investment is then given by X* = Zf:() 7; and satisfies the SDE

dth = th[ ()«[dt + det)

where 7, = (7! ,..., tF)T.
Let U(x,t) be a dynamic stochastic utility of the form

U(x,t) =U(x,0)+ i(/otuj(x,s)dg :U(x,O)—&-(/Otu(x,s).dCS

g =al(§,1)de + fb‘*f(é:mdw;‘ =al(§,0)d +b7 (1) -dW,;
i=1

where every u/(x,¢) belongs to C>! (R x [0,T]) and is a strictly increasing
concave function of x. We denote by by the d x m-matrix (b"/(j,s)).

Proposition 2.3. Suppose that for every t > 0,
t t
/ Ep [(bau(X™,5))2] ds < +o0 and / Ep [(U(XF 5)0,m,)?] ds < +oo
0 0
The conditional certainty equivalent can be approximated as

Cor(XF) = E[XFI7] — 3 a7 0) (0 )2(T 1) — BOXE.0) (T 1)
+ o(T —1)

where we have denoted respectively the coefficient of absolute risk aver-
sion and the impatience factor by

o(x,t) :== IM
Bar) i  Lt)-alG0) Fbuus(x,1) - o

Uy (x,1)

As a consequence the risk premium is given by
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pr.r(XT) = +%a(X,”,t)(G;m)2(T —t)+BXT ) (T —t)+o(T —1t)

Proof. For simplicity we denote X;” by X;. We apply the generalized It6’s
formula (see [53], Chapter 2), so for every v € [¢, T

v Vv
U(X,,) :U(X,,t)+/ u(Xs,s)-dCﬁ—/ Us(X;,)dX,
t t
1 4 v
+ 5/ Uxx(X?as)(GsmS')2d5+</ Ux(Xs>dS)7Xv>
t t

Notice that in this case

([ ). %) = [ Xers) -8, %) =

i/ (X5, ) <i (&sy9) Gsns)k> ds

and then we have
U(Xy,v) = U(X;,1)

v
b [ X alGos) + OmAU(Xe)
t
1
+ EUM(XS,S)(GSRS)Z—&—bsux(Xs,s)Gsﬂrs)ds
v
+/ (bsu(xs»s)+UX(XV75)QYEY)dWY
t

From the assumptions, I, = fé (u(Xs,8) - bs + Uy(X;, 5) 0575 ) dWy is a mar-
tingale: so the conditional expectation is given by

E]P’[U(XV’V)"%] = U(Xl‘vt) (212)

v 1
—i—/ Ep {ua—i—cnlUx—i— EUXx(cn)z—kbuxGn]ﬂ} ds
t
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From the definition of CCE we have
U(C(Xy),t) = EplU(Xy,v)|-Z]

If we denote {Z, },c|; ) the stochastic process defined by Z, =: Ep[U (X,,v)|.7]
then the stochastic differential

—1
AU (x,t
dC,(%,) = dU~ (z,.1) = ( 2Y1ED) dz,
ay ‘x:Uil(Zv,l)
! 1
- 7E ua+GnA’Ux+7Uxx ol 2+buxo7r y dV
Ux(Cra(X).1) P{ 5Us(o) B

Hence, since U~ (Z,,t) = X,

T
Cor(Xr) = X+ [ Eel(x) | Zids

where

) u(Xy,5)a(Ls,5)+ 0 AU (X, 8)+ 3 Ure(Xs, 8) (05 75) 2+ byt (X, 5) 05 7
* ) =
U(Crs(Xy),1)

Notice that

T
E[P[XT‘%] :X[+EIP> |:/ O'Sﬂfsﬁ,sds I yt:| :X[‘i‘G[ﬂ[Aq(T_t)“rO(T_t)
Jit

1 Upe(X,,1)

Cr(X) =X+ omMA(T —1)+ Em(cs,yrt)z(T —1)
u(X;,t)a(&, 1) +bruy (X, 1) 0r 1y
- X0 (T —1)+o(T —1)

— EplXs| %] — %a(Xt,t)(G,n,)z(T )= B )T — 1)+ o(T —1)
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Remark 2.4. If the utility U (x,7) is deterministic (i.e. the matrix b, = 0 for
every t > 0) we deduce that

_ u(x,t)a(g,t) _ Ut(xvt)
B === = T

which is the usual definition of impatience factor.

2.4 The right framework for the CCE

Until now we have considered C;; as a map defined on the set of random
variables % (¢) which is not in general a vector space. In order to show the
dual representation of the CCE it is convenient to define it on a Banach
lattice.

Orlicz spaces have become an important tool whenever we approach to
the utility-maximization framework and we are dealing with unbounded
random variables (see for instance [7] and [8]).

The question which naturally arise is: what happens if we consider a utility
functions which has some explicit dependence on the randomness? May
we actually define a class of “stochastic” Orlicz spaces?

Therefore we now introduce the general class of Musielak-Orlicz spaces
induced by the stochastic dynamic utility taken into account.

2.4.1 Generalities on Musielak-Orlicz Spaces

Given a non-atomic probability space (2,.%#,]P) and a function ¥ : R X
Q - RU{+e}, with Z ={x e R | ¥ (x,®) < oo} # 0, we say that ' is
a (generalized) Young function if ¥(x,-) is .#-measurable and for P a.e.
weQ

1. ¥(-,m) is even and convex;
2. the effective domain 2 does not depend on @ and 0 € int(2);
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3. Y(oo, @) = +o0, ¥(0,m) =0.

Note that ¥ may jump to +oo outside of a bounded neighborhood of 0. In
case W is finite valued however, it is also continuous w.r.t. x by convexity.
Whenever possible, we will suppress the explicit dependence of ¥ from
.

The Musielak-Orlicz space LY, on (2,.7,P) is then defined as

LY ={Xel’|3a>0Ep[¥(aX)] < +oo}.
endowed with the Luxemburg norm
Ny(X)=inf{c>0|Ep [¥ (X-c")] <1}.

Although there are no particular differences with Musielak work (see
[68]), here we are dropping the hypothesis on ¥ to be finite (and so con-
tinuous). But since the domain & does not depend on @ we have that non
continuous s always induce the space L*(Q,.#,P) and the Luxemburg
norm is equivalent to the supremum norm.

It is known that (LY, Ny ) is a Banach space (Theorem 7.7 in [68]), and
with the usual pointwise lattice operations, L¥ is a Banach lattice.

There is an important linear subspace of LY, which is also a Banach
lattice

MY ={X e’ | Ep[¥(aX)] < +ooVa >0}.

In general, M¥ ; LY and this can be easily seen when ¥ is non continuous
since in this case M¥ = {0}, but there are also non trivial examples of the
strict containment with finite-valued, continuous Young functions, that we
will consider soon.

Other convenient assumptions on ¥ that we will use in the forthcoming
discussion are

(int) Ep[¥(x)] is finite for every x € Z;

(sub) there exists a Young function g : R — RU {+eo} such that g(x) <
¥(x,w) for P-ae. €

(A;) There exists K € R, h € L! and xo € R such that
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¥(2x,") < KY¥Y(x,-)+h(-) forallx>xy, P—a.s.

When W satisfies (int) and the (A;) condition (and it is henceforth
finite-valued and continuous) the two spaces M¥ | LY coincide and L¥ can
simply be written as {X € L° | Ep[¥(X)] < 4o} (see [68], Theorem 8.14).
This is the case of the L? spaces when ¥ does not depend on .

In [68] (Theorem 7.6) it is also shown that when ¥ is (int) and con-
tinuous on R, then M¥ = LTollu with closure taken in the Luxemburg
norm. When ¥ is continuous but grows too quickly, it may happen that
MY =1=* g LY. As a consequence, simple functions are not necessarily
dense in LY.

If both (int) and (sub) hold, it is not difficult to prove that

LMY 1Y 8!

with linear lattice embeddings (the inclusions).
As usual, the convex conjugate function ¥* of ¥ is defined as

(5, @) =: sup fry — ¥(x, @)}

xeR

and it is also a Young function. The function ¥* in general does not satisfy
(int), but a sufficient condition for it is that ¥ is (sub). The Musielak-Orlicz
space L¥" will be endowed with the Orlicz (or dual) norm

Xl = sup{ Ex[|Xf|] | f €L : Ex[¥(f)] < 1},

which is equivalent to the Luxemburg norm.

2.4.2 The Musielak-Orlicz space L induced by an SDU

In the spirit of [7], we now build the time-dependent stochastic Orlicz
space induced by the SDU u(x,, ®). The even function i : R x [0, 4o0) X
Q — RU{+oo} defined by
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u(x,t,0) =u(0,t) —u(—|x|,t, 0)
is a Young function and the induced Orlicz spaces are
L" ={X €LY |3 > 0Ep[a(aX,1)] < +oo}

M = {X € L% | Epli(aX,1)] < +oo Vo > 0}

endowed with the Luxemburg norm N, (-).
Notice the following important fact:

M" C U (t).

Indeed, for any given A >0 and X € L?% such that Ep[u(AX,1)] < 4o we
have: Ep[u(AX,t)] > Ep[u(—A|X|,7)] > —oco. On the other hand u(x,t) —
u(0,¢) <u(x,t) so that Ep[u(AX,1)] < Ep[u(AX,t) +u(0,t)] < +oo and the
claim follows. In particular this means that (int) implies u(x, ) is integrable
for every x € 9(t).

This argument highlights one relevant feature: every X € M™ belongs
to the set % (1) so that the CCE is well defined on M. In the following
examples also Cy,(X) € M holds true, so that Cy, : M™ — M™ and it
make sense to study the time consistency of Cj ;.

2.4.3 Examples

Exponential random utilities
Let us consider u : Rx[0,0) x 2 — R defined by
u(x,t, ) = — o~ %(0)x+fi ()

where o, > 0 and f; are adapted stochastic processes.
In this example the CCE may be simply computed inverting the function
u(-,t,m):
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Cor(X) = LN {E]pv[e_a’X+ﬁ' L%}} + b (2.13)
O O
Notice the measurability requirement on the risk aversion process oy,
which is different from what can be found in some examples in the lit-
erature related to dynamic risk measures, as e.g. in [1], where the ¢ in
(2.13) is replaced by .

Assumptions: We suppose that 3, belongs to L=(%#) for any ¢ > 0 and
that e®* ¢ L_l% for every x € R.

These assumptions guarantee that (int) holds. In particular if oy (w) =
o € R and f; = 0 then C;;(X) = —ps,(X), where p;; is the dynamic
entropic risk measure induced by the exponential utility. Unfortunately
when the risk aversion coefficient is stochastic we have no chance that Cj
has any monetary property. On the other hand monotonicity and concavity
keep standing. The first is due to Proposition 2.1, whereas the second is a
straightforward application of Holder-conditional inequality. This means
that in general p;,(X) =: —Cs,(X) satisfies all the usual assumptions of
dynamic risk measures, only failing the cash additive property. We now
show a sufficient condition by which pm(X ) is at least cash subadditive,
ie. ps(X+Y)>ps(X)—Y where Y € Ly andY > 0.

Proposition 2.4. Under the previous assumptions, the functional
1 - X+p Bs
Psi(X) = —1In {E[p[e fL%}} +—
’ Ol O

is cash subadditive if the process {0y }+>¢ is almost surely decreasing.

Proof. ForeveryY € Lz andY > 0:

1 _% _ s
Ps,t(X+Y) EIH{EIP’[e asOCsYe OC:X‘FBt‘yS]}_E

Qs

Y

1 s
—1In {Ep[e_asye_a’m'ﬁ’ L?s]} - E = psy(X)—7Y.
O Os
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Proposition 2.5. Under the previous assumptions
My S FP) p>2
where i, j are isometric embeddings given by the set inclusions.

Proof. The first inclusion is trivial since the two spaces are endowed with
the same norm. Moreover M" is a closed subspace of L.
For the second inclusion we simply observe that since

d(”(xﬂt)) _ (XteA’ >0
dx |.\‘:0
for almost every @ € Q then forevery p >2and A >0
x| <d(Ax,t,0) VxeR, forP—ae wecQ

which implies
|1X]]p < kNg, (X) (2.14)

Proposition 2.6. Under the the previous assumptions

Cyy : M™ — M™

U(C (X)) < 10) =~ (5 [ nEefe X B 7]

S

Proof. Let A > 1, and since no confusion arises we denote by u,(x) =
u(x,t). Define A = {InEp[e-%*+P|.Z7] < B;} and notice that

= ePrexp(A| —InEple™** P | 7] + B|)
= ePrexp(A (B, — InEp[e™** TP 7)) 14
(A(
)

InEple” " P Z,] — By)1,c
e—oc,X+[3, |§53} -1 1,

-+ eﬁ‘ exp

— P

+ eﬁs‘(l*/l)E]P[e*%X‘i’ﬁt |§5VL lAC
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Since on A we have Eple~%*X*P|.Z,] < ePs and in general f(1-%) < g e
R, then

E[a,(ACy(X))] < E[ePIHAM 1] aB{E[e~ %P | 241 0 }HE us (0)]
—E[us(0)] + aE [e%ar“ﬁﬂ] +E[us(0)]

IN

IN

all (A0 [(2X) + P | < KE[@(2X)]

Notice that the second step is a simple application of Jensen’s inequality, in
fact: Ep[Y|4)* < Ep[Y*|%] ¥ A > 1. Moreover we have that for0<A <1
Ep [u;(ACys(X))] < Ep[its(Cy(X))] < o0 and then Cy; (X) € M.

Random-power utilities

Consider the utility function given by
u(x,t, @) = =3 (@) "1 ..

where ¥, p; are adapted stochastic processes satisfying % > 0 and p; > 1.
We have u(x,t) = ¥%|x|P. Here assumption (int) is troublesome but not
needed for what follows. On the other hand the utility fails to be strictly
increasing so that we won’t have uniqueness of the solution for the equa-
tion defining the CCE, namely

—%|Css (X) P Ui, x)<0p = Ep [=%IX [P Lix <oy F] (2.15)

Notice that C;;(X) = Cs; (X~ 4+ K1x>0) where K is any positive .% r.v.;
moreover if G := {Ep[}|X[" 11x <0} |-#s] > 0} then P (G \ {C;,(X) < 0}) =
0. If we decompose X as X — X~ we can conclude that

1

1
Cor(X) =~ (Ep[p(X)P'| 7)) 7 +Klge
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it’s the class of solutions of (2.15) where K € L?% and K > 0. This is a
natural consequence of the choice of a preference system in which the
agent is indifferent among all the positive variables. If in particular K €
M then it is easy to check that Cy, : M" — M.

Stochastic transformations of static utilities

One may wonder what happens for an arbitrary SDU. Clearly the fact that
C;; is a map between the the two corresponding Orlicz spaces at time ¢ and
s is a key feature for the time-consistency. We take into account a particular
class of SDU, which are a stochastic transformation of a standard utility
function.

Let V : R — R a concave, strictly increasing function: take an adapted
stochastic process, {a;};>0, such that for every r > 0, o4 > 0. Then
u(x,t,®) =V(04()x) is a SDU and

CoulX) = 2V (BlV(0X) | )

s
Proposition 2.7. Let @, = {X € L" | Ep[u(—X ~,t)] > —oo} D M". Then
Csr: O — O
Moreover if u(x,s) satisfies the (Az) condition, then

Cyy : M™ — M™.

Proof. Denote i (x) = u(x,t); from Jensen inequality we have

v Bex) | A < LEax 7] @16

S S

Define the .%, measurable sets

F={Ep[V(aX)| F]|2V(0)}, G={Ep[aX|Z]=0}
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and deduce from equation (2.16) that

0= CulX)" = -V (EelV(@X) | Z) 1r < —Bel(@X)1o | 7]

S

For every X € L we may find a A > 0 such that Ep[i,(AX15)] < +oo:

A A
£ fo(2v o @vex 2010 ) | < o (2 et 22))
=Ep[V(0) —V(—Ep[(AoyX)1g | #])] < Ep[V(0) =V (—Aa,X1)]
< Eplu(AX1g)].

Hence X € L* implies C(X)"T e Lbs.
Now let’s considerar.v. X € O;: —C,,(X)™ = OCLSV’l (Ep[V(aX) | Z]) 1c.
We can conclude that
0 < Epliiy(—Csr(X)7)] = Ep [~V oV (Ep[V(X)1pc| Z]) +V(0)] =

= Ep[-V(o4X)1pc +V(0)] < 40

where the last inequality follows from X € @, {X >0} C F and
V(04X)1pe= (V((X,X+)1{XZO}+V(—OCtX7)1{X<0}) 1.c

=V(=0X" )y gynpc
This shows that surely C;,(X) € Oy, if X € 0.

2.5 Dual representation of CCE

In this section we prove a dual formula for the CCE, which is similar to
the general result that can be found in [33]: due to the particular structure
of the CCE the proof is simpler and more readable.

Consider the condition:
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there exists X* € (L™)* s.t. Ep[f*(X*,1)] < +oo (2.17)

where f*(x,t, @) = supcg {xy +u(y,t,®)}.

As a consequence of Theorem 1 [76], we may deduce that if (2.17)
holds, if #(x,t) is (int) and X € L then Ep[u(AX,t)] < +oo for every
A>0.

Remark 2.5. The condition (2.17) is quite weak: it is satisfied, for example,
if u(x,t,0) < ax+b with a,b € R since

f(~a,1,0) < sup{(~a-+a)y+b} =b.
yeR

We now take into account (L¥)*, the norm dual of L* and consider the
following three cases which cover a pretty large class of possible Young
functions.

1. ¥(-, ) is (int) and discontinuous, i.e. 7 G R.
In this case, L¥ = L= and from the Yosida-Hewitt decomposition for
elements of ba(Q2,.%,P) we have

ba= (L") =L'& w4,

where .7¢ consists of pure charges, i.e. purely finitely additive mea-
sures (which are not order continuous).
2. ¥(-, ) is continuous, ¥ and P* are (int) and satisfy:

Y(x,o
M—%}—wﬁ”—a.s, as x — oo,

These conditions are not restrictive and hold as soon as ¥ is (int) and

(sub) with lim, e Z’E(—x) — +o0. For such Young functions it can be easily

deduced from Theorem 13.17 in [68] that (M*)* = L¥": y, € (MY)*
can be identified with its density ‘fﬁ)’ e LY so that we will write its
action on X € LY as y,(X) = Ep[u,X]. Moreover (M¥)* is a band in

the dual space (L¥)* (see [2] Section 8) so that we may decompose
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(L‘P)* _ (M‘P)* @ (M'P)L

i.e. every X* € (L¥)* can be uniquely represented as X* = u, +
where y; belongs to the annihilator of M¥ (uy(X) = 0 for every
X e M¥)and u, € (M¥)* = L¥" . Notice that every element p, € (M¥)*
is clearly order continuous. Moreover it can be shown, applying an ar-
gument similar to the one used in Lemma 10 [7], that every p, € (M¥)*
is not order continuous.

3. ¥(-,w) is continuous and

. . Yx,o . Y(x,o
0 < a=ess inf lim , )gesssuphm (x,®)
wEQxo X peQie X

Here (int) automatically holds for both ¥ and W*. It follows that
LY = L' and the L'-norm is equivalent to the Luxemburg norm, so
that (LY)* =LY =L~.

Assumptions for the dual result

In this section u(x,, ®) is a SDU, such that:

1. For all t > 0, the induced Young function u(x,7, ®) belongs to one of
the three classes mentioned above
2. The condition (2.17) holds true.

As shown above, under the assumption (1) the order dual space of Ll s
known and is contained in L'. This will also allow us to apply Proposition
1.1. The second assumption implies that Ep[u(-,1)] : L% — [—oco, +-0) is a
well defined convex functional ([76]).

Thus we have u(X*,¢) € L} ., but in general we do not have integrability
for u(—X~,t). This means that if X ¢ @, = {X € L% |Ep[u(—X~,1)] >
—oo} we are forced to consider the generalized conditional expectation

EP[“(X’I) |§S} ::EP[M(X’t)Jr |‘gzs] _li};nEP[u(Xat)il{fngfu(x,s)*<0} |¢gzs]7
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which can be equivalently written as:
EP[M(X7I) | ys} = EP[M(X+7I)1{XZO} | ys]
+ lirflnEP[u(—X77f)1{—n§x<0} | Fs].
Therefore, Ep[u(X,t) | Z| € ZQ% and Cy,(-) is defined on the entire space
L. We fix throughout this section 0 < s < ¢ and define
Pz ={X*e (L), | Ep[X*] =1} C{Q << P| Q probability}
U:L" L% givenby U(X) := Ep[u(X,t) | Z]

The map U is concave and increasing and admits the dual representation
stated in Lemma 2.2. From equation (2.19) we deduce the dual represen-
tation of Cy,(+) = u~'(U(+),s) as follows.

Theorem 2.1. Fix s < t. For every X € L

CosX) = inf G(Eg[X|.7,],0) (2.18)

’ 5,
where for every Y € L?, X

G(Y,0) = ;ULI; {Cs(8) | EglE]F] =0 Y}

Moreover if X € M™ then the essential infimum in (2.18) is actually a
minimum.

The proof is based on the following Lemma.
Lemma 2.2. Let s <t. Forevery X € Lt

UX) = inf S(EQIX|7).0) 219
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where S(Y, Q) = supg .1a {U(8) | E[E|F] =o Y} forany Y € L%;S.
Moreover if X € M" then the essential infimum in (2.19) is actually a
minimum.

Proof. Obviously VQ € Pz,

Eplu(X,1) | 7] < ;HLIZ {U(8) | EglG|Fs] =0 EolX|#l}

and then

Ep[u(X,t)| Z] < inf sup {U(E) | Egl§|F5] =g Eo[X|F]}. (2.20)
QE,@,% §€L‘7f

Important remark: we have that E(U (X)) = E(u(X,t)); this means that
E(U(-)) : L — [—e0,+o0)

is a concave functional. From the monotone convergence theorem and
Jensen inequality the functional E(u(X,?)) is continuous from above (i.e.
Xo 4 X = E(u(Xy,1)) L E(u(X,1))). Applying Lemma 15 in [8], E(U (X))

is order u.s.c. and thus G(L”’,L'?; )-u.s.c. (Proposition 24 [8]).
From Proposition 1.1 in Section 1.2:

BU) = jinf s (V)] | Eolt) = Eqlx])
> inf sup {E(U(E)) | EolE| 7] = EolX| ]} = EWU(X))
Fr EeLit

ie.

BWW) = inf sup (EU(E)) | Eolt| ) = EolI#]) - 220
F1 £ cLhr

Surely the map U is regular (i.e. for every A € %, U(X14+Y1,c) =
U(X)IA—I-U(Y)lAc) and then the set o7 = {U(é) ‘ EQ[& LQ}] =0 EQ[X‘?S]}
is upward directed. In fact given &;,&, € o7 we have
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U(G)VU(&2) =U(G)1F +U(G)1pe = U(Gi11F + &2l pc)

where F ={U (&) > U(&,)} and EQ[&IF +€21Fc|ys} =0 EQ[X|§S} By
this last property and the monotone convergence theorem we deduce

Ep[S(Eo[X| 7], Q)] = gsuLg {Ep[U(S)] | EglS|7s] =0 EolX| 7]}

EUX)) = ol ;uL% {E(U(S)) | Eol§|-7] =0 EolX|-7i]}

~ inf E ( sup {U() | Egl€| 7] =o EQ[Xw})

0Pz, EcLi

>E< inf sup {U() | Egl&| 7] =QEQ[X|%1}>

Qe Tt Ee Lt
This last chain of inequalities together with inequality (2.20) gives

U(X)= inf sup {U(&)|Egl¢|#] =0 EolX| ]} VX eL™
Qegz,;%éeLﬁr

(2.22)
Moreover from generalized Namioka-Klee theorem, the functional E (u(-)) :
L¥ is norm continuous on int(@,) 2 M (see [8] Lemma 32) and then
E(U(X)) as well since E(U (X)) = E(u(X)).
Again from Proposition 1.1 we have that:

E(U(X)) = min sup {E(U(S)) |Egl¢] = Eg[X]}

QE'@,,% éGMﬁf
= SupA {EP[U(&)] | EQmin [5] = EQmin [X]}
éGM“’
> ésupA {EIP[U(é)] | EQmin [é |‘g¢\¥} :Qmin EQmin [X‘ﬁ‘]}
eMit
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The remaining proof matches the previous case and then we get

U(X)= min sup {U(§)|Eglé| ] =g EglX| ]} VX €M™
Qefgzﬂ} 5EML7,
(2.23)
where the minimizer is exactly Q-

Proof (of Theorem 2.1). Since s,t are fixed throughout this proof we re-
define Cs,(-) = C(+), u(x,t) = u(x) and u(x,s) = v(x). We show that for
every fixed Q € P4, v IS(Eg[X| %], 0) = G(Eg[X|.Z4],0).

Since C, U are regular, for every fixed Q € & 4 the sets

{C(§) 1§ € L™, Egl&| 7| =g EolX| #il}.

{U(&)| & e L™, Egl&|F,) = EqlX| 7]}

are upward directed and then there exist thQ, 77[,0' such that EQ[éhQ |F] =0
Eo[X| %), EonP| %] =0 Eo[X| 7). for every h > 0, and

C(‘;:hQ) T G(EQ[X|ys]7Q)’ U(n/?) TS(EQ[X‘ysLQ) P—a.s.

1

Thus since v~ is continuous in the interior of its domain:

G(Eg[X|#,].0) > imC(n7) =v~"limU(n?) = v~ 'S(Eg[X|#].Q)

>yl li’ran(é?) = 111?1C(a3,?) = G(Eg[X|7],0)

and this ends the first claim.

It’s not hard to prove that the infimum is actually a limit (using the
property of downward directness of the set as has been shown in Chapter
1 Lemma 1.4 (v)): therefore we deduce from the continuity of v=! that

— -1 3 o _ s -1 o
Cx) =" it S(EQIXIF],0) = inf v 'S(EQIX|),0)
= inf G(Eg[X|Z],0)

QE?]}}






Chapter 3

Conditional quasiconvex maps: a
L°-module approach

This last Chapter -compared to Chapter 1- is not a mere generalization to
a different framework. Our desire is to motivate future researchers to this
new tool that shows huge potentiality in the financial and economic appli-
cations. Convex/quasiconvex conditional maps (see also [27]) is only one
of these numerous applications. It was our surprise and pleasure to dis-
cover how L°(%)-modules naturally fitted to our purposes and simplified
most of the proofs.

Anyway there is a drawback that still urges to be answered: is there a way
to combine modules with a time continuous financial problem? Is there a
notion of time consistency in agreement with modules?

3.1 A short review on L. modules

The probability space (2,.%,P) is fixed throughout this chapter and
¢ C .7 is any sigma algebra contained in .. We denote with L°(Q,.7 | P) =
L°(F) (resp. L°(%¢) ) the space of .% (resp. ) measurable random vari-
ables that are P a.s. finite, whereas by L°(.%) the space of extended ran-
dom variables which may take values in R U {eo}; this differs from the
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previous chapters, but this choice is needed not to mess the things up with
the notations linked to the presence of modules. In general since (Q2,P)
are fixed we will always omit them. We define L (%) = {Y € L°(.F) |
Y >0} and L, (F) ={Y € L°(F) | Y > 0}. We remind that all equal-
ities/inequalities among random variables are meant to hold [P-a.s.. Since
in this chapter the expected value Ep[-] of random variables is mostly com-
puted w.r.t. the reference probability PP, we will often omit P’ in the nota-
tion.

Moreover the essential (P almost surely) supremum esssup, (X;) of an
arbitrary family of random variables X; € L°(2,.%,P) will be simply de-
noted by sup, (X)), and similarly for the essential infimum. V (resp. A)
denotes the essential (I almost surely) maximum (resp. the essential min-
imum) between two random variables, which are the usual lattice opera-
tions.

We choose the framework introduced by Filipovic et al. and just recall
here some definitions. To help the reader in finding further details we use
the same notations as in [28] and [54].

L°(¢) equipped with the order of the almost sure dominance is a lattice
ordered ring: define for every € € LY (¥) the ball Be = {Y € L°¢ | |Y| <
€} centered in 0 € L°(%), which gives the neighborhood basis of 0. A set
V C L°(9) is a neighborhood of Y € L°(%) if there exists € € LY, (¥)
such that Y + B C V. A set V is open if it is a neighborhood of all Y € V.
(L°(¢),|- ) stands for L°(%) endowed with this topology: in this case the
space looses the property of being a topological vector space. It is easy

to see that a net converges in this topology, namely Yy i Y if for every
€ € LY, (9) there exists N such that |[Y — Yy| < € for every N > N.
From now on we suppose that E C LO(.%).

Definition 3.1. A topological L°(%)-module (E, ) is an algebraic mod-
ule E on the ring L°(%), endowed with a topology T such that the opera-
tions

@) (E,‘L') X (E,‘L') — (E,T), (Xl,Xz) — X1+ X,

(i) (L°(9),|-]) x (E,7) — (E,7), ([, X2) = Xy
are continuous w.r.t. the corresponding product topology.
A set € is said to be L%-convex if for every X;,X, € € and A € L<§¢),
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0<A<I1,wehave AX;+(1—-A)X, €F.

A topology 7 on E is locally L%(%)-convex if (E,7) is a topological
L°(%)-module and there is a neighborhood base % of 0 € E for which
each U € % is L°(%)-convex, L°(¢)-absorbent and L°(%)-balanced. In
this case (E, 7) is a locally L°(%)-convex module.

Definition 3.2. A function |- || : E — L% (%) is a L°(%)-seminorm on E if
() |ITX|| = |C|||X|| forall " € L%(¢) and X € E,
(ii) ||X1 +X2|| < HX] || + HX2|| for all X,X; € E.

|| - || becomes a L°(%)-norm if in addition
(iil) ||X || = 0 implies X = 0.

Any family 2 of L°(%)-seminorms on E induces a topology in the
following way. For any finite . C 2 and € € L () we define

Uye:={X€E| sup |X| <e}
[I-lle~
U ={Ugy, | C % finiteand € € L%, (4)}.

% gives the neighborhood base of 0 and then we induce a topology as
for L°(%) obtaining a locally L(%)-convex module. In fact Filipovic et
al. proved (Theorem 2.4 [28]) that a topological Lo(g )-convex module
(E, ) is locally L°(%)-convex if and only if 7 is induced by a family of
L%(%)-seminorms. When || -|| is a norm we will always endow E with the
topology induced by || - ||.

Definition 3.3 (Definition 2.7 [28]). A topological L°(%)-module has the
countable concatenation property if for every countable collection {U,},
of neighborhoods of 0 € E and for every countable partition {A,}, C ¥
the set ), 14,U, is again a neighborhood of 0 € E.

This property is satisfied by L(%)-normed modules.

From now on we suppose that (E, T) is a locally L%(%)-convex module
and we denote by .Z (E,L°(%)) the L°(¢)-module of continuous L°(%)-
linear maps.

Recall that p : E — L%(9) is L°(%)-linear if
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p(aX; +BXs) = ap(X)) +BuXz) Vo, eLl’(¥)and X, X, €E.

In particular this implies p (X114 +X214¢) = 1(X1)14 + u(X2)1,c which
corresponds to the property (REG) in Chapter 1. On the otherhand i : E —
L°(%) is continuous if the counterimage of any open set (in the topology
of almost sure dominance provided on (%)) is an open set in 7.

Definition 3.4. A set ¢ is said to be evenly L°(%)-convex if for every
X € E such that 13{X} N13% = 0 for every B € & with P(B) > 0, there
exists a L(%)-linear continuous functional  : E — L%(%) such that

pX)>pE) view

Example 3.1. We now give an important class of L%(%)-normed modules
which plays a key role in the financial applications and is studied in detail
in [54] Section 4.2.
The classical conditional expectation can be generalized to E[|4] : L% (F) —
L%(4) by

E[X|9]=: lim E[X An|¥]. (3.1)

n——+oo

The basic properties of conditional expectation still hold true: for every
X, X1,X, € LY(F) and Y € L°(Y)

o YE[X|¥]=E[YX|9];
o E[Xi+X|9] = E[X)|9]+E[X,|¥];
e E[X]=E[E[X|¥]].

For every p > 1 we introduce the algebraic L°-module defined as
Ly(F)={X e L°(Q,7,P)| | X|4|, € L°(2,4,P)} (3.2)

where || - |4]|, is a L°(%)-norm given by

1
. E[|x||#]7 if p < oo
X9|, =: L 3.3
IX11, {inf{YeLO(g)|Y>x|} fpo e O
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We denote by 7, the L°-module topology induced by (3.3). We remind that
LY (.7) has the product structure i.e.

L (F)=L"9)L'(F)={YX |Y € L°(¥), X e L’(F)}

This last property allows the conditional expectation to be well defined for
every X € L) (7): since X =YX with Y € L°(¥) and X € LP(.F) then
E[X|9] = YE[X|¥] is a finite valued random variable.

For p € [1,40), any L°(¥)-linear continuous functional y : L (%) —
L%(4) can be identified with a random variable Z € LL (%) as p(-) =
E[Z-|4] where 1 + 1 =1.

3.2 Quasiconvex duality on general L° modules

Definition 3.5. A map 7w : E — L°(%) is said to be

(MON) monotone: forevery X,Y € E, X <Y we have n(X) < n(Y);
(QCO) quasiconvex: forevery X,Y € E,A € L%(%) and 0 < A < 1

TAX+(1-A)Y)<znX)vza(),

(or equivalently if the lower level sets {& € L (Z)|n(&) < n} are L)-
convex for every ) € L%.)
(REG) regular if for every X,Y € EandA € ¥,

7I(X1A +Y1Ac) = ﬂ(X)lA +7'E(Y)1Ac;

(EVQ) evenly quasiconvex if the lower level sets {£ € E|n(E) < n} are
evenly LY,-convex for every 1 € LY.
Finally the following optional assumptions will be important in the dual
result

(PRO) there is at least a couple X;,X;, € E such that 7(X;) < n(X3) <
+o0.
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(TEC) ifforsomeY € L%(9) {& € LL,(F) |m(&) <Y} =0then (&) >
Y forevery & € L (7).

Remark 3.1. Remarks on the assumptions.

e Notice that surely an evenly L°(%)-convex set is also L°(%)-convex
and then (EVQ) implies (QCO).

e (PRO) assure that the map 7 is in some sense a proper map. In fact
we want to avoid that the map 7 is constant on some set A € ¢ i.e.
(&1)1s = (&)1, for every &;,& € E. If this is the case, it appears
reasonable to split the measure space £ in the two parts A, A and threat
them separately, since on A the representation turns out to be trivial.
This is anyway a pretty weak assumption.

e (TEC) is obviously satisfied if { € E | n(§) <Y} # 0 forevery Y €
L%(%), and in general by maps like f(E[u(-)|4]) where f,u are real
function.

e As shown in Chapter 1 the dual representation is linked to the conti-
nuity properties of the map: it can be shown (see for instance Proof of
Corollary 3.1 and 3.2) that (EVQ) is implied by (QCO) together with
either

(LSC) lower semicontinuity i.e. the lower level sets {& € E | w(&) <
Y} are closed for every Y € L°(9))

or

(USC)*  strong upper semicontinuity i.e. the strict lower level sets
{E €E|m(§) <Y} are open for every Y € L%(¥).

This is basically consequence of Hahn Banach Separation Theorems
for modules (see [28] Theorems 2.7/2.8).
3.2.1 Statements of the main results

This first Theorem matches the representation obtained by Maccheroni et
al. in [10] for general topological spaces. Respect to the first chapter, the
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interesting feature here, is that in the module framework we are able to
have a dual representation for evenly quasiconvex maps: as shown in the
corollaries above this is a weaker condition that (QCO) plus (LSC) (resp.
(USC)*) and is an important starting point to obtain a complete quasicon-
vex duality as in [10]. From now on we suppose that F C L°(%) is a lattice
of extended random variable, which represents the codomain of the map
TT.

Theorem 3.1. Let E be a locally L°(4)-convex module. If w: E — F is
(REG), (EVQ) and (TEC) then

n(X)=  sup  R(u(X),u), (3.4)
neZ(ELY9))

where

R(Y, 1) = gg{ﬂ(i) () =Y}

If in addition E satisfies the countable concatenation property then (TEC)
can be replaced by (PRO).

Corollary 3.1. Let E be a locally L°(4)-convex module satisfying the
countable concatenation property. If t : E — F is (QCO), (REG), (TEC)
and T-(LSC) then

2(X)= s RuX).W). (3.5)
ueZ(ELO(9))

In alternative, since the concatenation property holds true (TEC) can be
switched into (PRO).

Corollary 3.2. Let E be a locally L°(9)-convex module. If &t : E — F is
(QCO), (REG), (TEC) and t-(USC)* then

A(X)=  max  R(u(X)p). (3.6)
peZ(EL0(9))

If in addition E satisfies the countable concatenation property then (TEC)
can be replaced by (PRO).
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In Theorem 3.1, & can be represented as a supremum but not as a
maximum. The following Corollary shows that nevertheless we can find
aR(u(X),u) arbitrary close to m(X).

Corollary 3.3. Under the same assumption of Theorem 3.1 or Corollary
3.1, for every € > 0 there exists pe € £ (E,L%(9)) such that

T(X) — R(1e(X), te) < € on the set {w(X) < 4o} (3.7

3.2.2 General properties of R(Y, 1)

In this section 7 : E — F C L%(¥) always satisfies (REG). Following
the path traced in the first Chapter, we state and adapt the proofs to
the module framework, of the foremost properties holding for the func-
tion R(Y,u). Notice that R is not defined on the whole product space
LY(9) x L(E,L°(¥)) but its actual domain is given by

L={(r,u) €LY x L(E,L°(9))|FE cEst.u(E)>Y}.  (3.8)

Lemma 3.1. Let p € Z(E,L°(9)) and X € E.

i) R(-, L) is monotone non decreasing.

i) RAU(X),Au) = R(u(X),u) for every A € L°(9).
iii) For everyY € L%(94) and u € £ (E,L%(9)), the set

Au(Y)={n(§)|§ €E, u(5) =Y}
is downward directed in the sense that for every w(X1),n(X2) € 2 (Y)

there exists T(X*) € <7, (Y) such that 7(X*) < min{n(X,),7(X2)}. Thus
there exists a sequence {5,’,,1 }:zl € E such that

WED >V Ym>1, xR LR(Y,E) asmten
In particular if for o € L°(4), R(Y,u) < « then there exists & such that
w(é)>vYandn(€) < o
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iv) ForeveryA€ ¥, (Y,u) e X

R(Y, p)1s = 611612 {m(E)1a | Y14 = u(X1a)} =R(Y14, 1)1 (3.9)

v) For every X1,X, € E
(@) R(L(X1), W) AR(R(X2), 1) = R(1(X1) A p(X2), 1)

(b) R(1L(X1), 1) VR(p(X2), 1) = R(1(X1) V pu(X2), 1)
vi) The map R(u(X), ) is quasi-affine with respect to X in the sense that

forevery X, X, €E, A € Lo(%) and 0 < A <1, we have

R(U(AX) + (1= A)X2), 1) > R(p(X1), ) AR(H(X2), 1)

R(U(AXy + (1 =A)Xa), 1) < R(1(X1), 1) VR(U(X2), 1)

vii) infy o) R(Y, ) = infy ¢ 0y R(Y, th2) for every [, 1 € ZL(E,L°(9)).

Proof. 1) and ii) follow trivially from the definition. Most of the leftover
items are proved in similar way than the properties in Lemma 1.3. We
report here all of them for sake of completeness.

iii) Consider the ¢-measurable set G = {m(X;) < 7(X7)} then

min{7(X,),(X,)} = (X )16 + 1(X2)1ge "= 7(X 16 +Xal o)

Since 1 (X116 +X15) = u(X1)1g+ 1 (X2)1ge > Y then 7(X116+X>15) €
(Y. The existence of the sequence {&h }~_ € E such that m(&h) |
R(Y,u) for w(&h) > Y is a well known consequence for downward di-
rected sets. Now let R(Y,u) < a: consider the sets F,, = {m(&h) < o}
and the partition of Q given by G| = F| and G, = F,;, \ G;,—1. We have
from the properties of the module E and (REG) that

E=Y &g, €E. p(E)>Yand n(é) <
m=1

iv) To prove the first equality in (1.12): for every € € E such that u(£14) >
Y14 we define the random variable n = E14 + {1,c with u({1,¢) > Y1 ¢,
which satisfies 1(n) > Y. Therefore

MlalneE un) >y ={81a|E € E, u(&1x) > Y1s}
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Hence from from the properties of the essinf and (REG):

LR(Y, p) = inf {z(n1a)1a [ u(n) = Y}
= ggg{”(ﬁlA)lA | 1u(E1a) > Y14}

= ggg{ﬂ(é)lA | 1(E1a) > Y1a}

and (1.12) follows. Similarly for the second equality.
v) a): Since R(-, 1t) is monotone, the inequalities R(1(X1), ) AR(p(X2), 1) >

R(p(X1) A (X2), ) and R((X1), ) VR(1(X2), ) < R(U(X1) V1 (X2), pt)
are always true.
To show the opposite inequalities, define the &-measurable sets: B :=

{R(u(X1), 1) < R(u(Xa), 1)} and A := {p1(X1) < p(X2)} so that

R(u(X1), 1) AR(1(X2), 1) = R(1(X1), ) 1p + R(1(X2), )1 pe
S R(U(X) 1, 1)14 +R(1(X2), 1)1,463.10)
R(p(X1), 1) VR(u(X2), 1) = R(u(X)1, ) 1pc +R(p(X2), 1) 1p
(L(X)1, 1)
4) >

)

Y

R(p(X)1,1)1yc + R(1(X2), u)1a
Set: D(A,X) ={E14 | E € E, u(S1

D(A,X1)+D(AS,X2) = {§ € E | u(§) > p(Xils+Xalye)} :=D

1(X14)} and check that

From (3.10) and using (1.12) we get:
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R(u(X1), ) ANR(1(X2), 1) <
R(u(X1), p)1a +R(u(X2), ) 1yc

= f i f 1
élAelll)l(A,Xl){n(é )}+n1Acelg(Acvxz){ﬂ(n ac)}

= inf 1 1
R L C ANl

n1,c€D(AC.X,)

- inf (n(E1s 01,0}
(ELa+111,0)ED(A X;)+D(AC Xy) ( A

= éiglf){ﬂ(é)} = R(u(X1)1a + 1 (X2)1ye, 1t)
= R(u(X1) Apu(X2), ).

Simile modo: v) b).

vi) From the monotonicity of R(-, 1), R(1(X1) A (Xa), 1) < R(U(AX) +
(1 A)Xa), 1) (resp. R((X1) V 1 (Xa), 1) > R(U(AX: + (1 - A)Xa), 1))
and then the thesis follows from iv).

(vii) Notice that

IN

R(Y,p) > inf n(€) VY LY
E€E

implies
YGIL%E%)R(Y ) = émf (&)
On the other hand
7(E) > R(u(E) ) > | inr R(V) VEE
implies

f R(Y,u) < inf
veiley KV = )
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3.2.3 Bridging the gap between convex and non convex

maps

In this short section we would like to analyze how the Fenchel conjugate
is related to the function R in the quasiconvex representation. The above
simple result can be used in order to obtain a risk/economic interpretation
of the role acted by R (see later Remark 3.3).

Consider 7 : E — F and u € ES where

ES = {pec Z(E,[°(Y))| uX) >0, forevery X > 0}.
We define for X € E and u € EY
r(X,u) = gilellfs{ﬂ(i) | () =u(X)}
r(u) »= sup{p(¢) —r(, 1)}

EecE
R (u) = Zgg{u(é‘) —R(u(&), 1)}
m(u) == sup {u(&) —=(&)}

E€E

Proposition 3.1. For an arbitrary T we have the following properties

Lor(X, ) 2 R(U(X), 1) > u(X) — 7 (u);
2. r°(u) =R*(Z) = 7" ().

Proof. 1. Forall & eEwehaven*(u)—supéeE{u(g) n(&)}>u(é)—

#(). Hence: (X) (1)  1(X)  W(E) + 7() < (%) forall £ €
E st u(&) > pu(X). Therefore

p(X) -7 (u) < ggg{n(é) (&) = u(X)} =R(u(X),u1) <r(X,u)

2. From 1. we have u(&) —R(u(&),n) < w*(u) and
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r(u) = zug{u(@ —r(&m)} < zug{u(i) —R(u(8), 1)} <7 (u)

3.11)
since r(&, 1) < m(&) we have

u@)—rG ) =u@)—n(E) = ru)=a"(u)

and together with equation (3.11) we deduce

() = () = R (1) > r* ().

3.2.4 Proofs

Proof (Proof of Theorem 3.1). Fix X € E and denote G = {m(X) < +oo};
for every € € LY, (¢) consider the evenly convex set

Ce={EcE|n(&) < (n(X)—€e)lg+elyet}.

Step 1. If ¢ = 0 then by assumption (TEC) we have n(&) > (7(X) —
€)1+ €l,c for every & € E. In particular it follows that R(u(X), i) >
(m(X) — €)1+ €lge forevery p € Z(E,L°(¥)) and thus

2> s R(uX)) > (X)-e)lotelge  (B12)
peZ(ELN(9))

Step 2. Now suppose that €; # 0. For every B € ¢4, P(B) > 0 we have
15{X} N15%; = 0: in fact if E1p = X1 then by (REG) we get 1(&)1p =
n(E1p)1p = (X 1)1z = 7(X)1p. Since € is evenly L'-convex then we
can find ye € Z(E,L°(¥)) such that

pe(X) > pe(8) VE € Ce. (3.13)

Let now A € ¢ be an arbitrary element such that P(A) > 0 and define
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Ce = {€ € E|n(§)1a < (n(X) — &)lang + elgnge }-

We want to show that f1e(X) > p1e () on A for every & € €. Let & € 62,
1 € 6 and define & = £14 +n1,c which surely will belong to ;. Hence

He(X) > pe(§) so that pe(X1a) = pe(X)1a > pe(§)14 = pe(§14) and
Ue(X) > e (&) on A. We then deduce that €2 C P4 =: {€ € E|ue(X) >
Ue(E) on A} for every A € & which means that

N (@) < N ()

AeY Ae9

By definition

(¢2)° ={E €E|3IBCA, P(B) >0and [«]}

where
7€) (o) > n(X)(w) — e(w) forae. @€ BNG
[x] «— or
n(&)(w) > e(w) fora.e. ® € BNGC
so that

N (€4 ={EcE|VAE€¥, 3B CA, P(B)>0and [«]}
AeY
={EcE|n(&)>(n(X)—¢€)lg+ely}.

Indeedif € € E such that 7(&) > (7(X) — €)1+ €l then & € Nyey (%g‘)c.
Viceversa let & € Myey (%”SA)C: suppose that there exists a D € 4, P(D) >
0 and 7(&) < ((X) — €)1 + €l,c on D. By definition of (42)€ we can
find B C D such that 7(€) > n(X) —€ on GND or ©(§) > +& on DNGC
and this is clearly a contradiction. Hence (4 (%ﬁ)c ={E€En(§) >
(m(X)— €)1+ €l . Matching the previous argument we can prove that

Macy (72)° = {8 € Elue(X) < ue(&)}-
We finally deduce that
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n(X)>  sup  R(u(X), 1) > R(ue(X), te)
ueZ(ELOD))

= 522{75(5) pe(X) < pe(8)}
> inf (x(8) | 7(8) > ((X)~ &)l +eloe} = (700 - €)1+ el

By equation (3.12) and this last sequence of inequalities we can assure
that for every € € L0 (%) T(X) > supyc (5 10 R(L(X ), 1) > (m(X) —

€)1+ €1 c. The thesis follows taking € arbitrary small on G and arbitrary
big on G€.

Step 3. Now we pass to that the second part of the Theorem and assume
that £ have the concatenation property. We follow the notations of the
first part of the proof and introduce the ¢ measurable random variable
Ye =: (n(X) — €)1g + €1l,c and the set

g ={Ac¥|FEcEst. ()<Y onA}

For every A,B € o/ we have that AU B. Consider the set {14]A € 7 }:
the set is upward directed since 14, V 14, = 14,04, for every A1,A> € 7.
Hence we can find a sequence 14, 1 sup{14|A € &'} = 1gmax Where A™* =
UpAp €Y.
By definition for every A, we can find &, such that 7(§,) <Y, on A,. Now
redefine the sequence of set B, = A, \ B,—1, so that 1 =Y, &,1p, has the
property that (1) < Y, on A" i.e. A" € of .

As a consequence of the definition of 7 and since A”** is the maximal
element in <7 we deduce that (&) > Y, on (A™*)C for every & € E.
In particular it follows that R(u(X), 1) > Ye on (A"*)C for every u €
Z(E,L°(%)) and thus

(X)>  sup  R(u(X),u) > (1(X)—&)1g+elge on (A")C
HEL(ELO())
(3.14)
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We know by (PRO) that there exists a {;,{, € E such that 7({;) <
n(&) € LO(%). Introduce the evenly convex set

G = {E € B[ (&) < Yelyma + (G L goanc} £0.

Surely X = X1amar + {1 gmaryc has the property that 15{X} N 1%} =0
for every B € ¢ so that we can find e € Z(E,L°(%)) such that

He(X) > ue(§) VE €%, (3.15)

Repeating the argument of Step 2 we get

n(X)>  sup  R(u(X),n) > R(ue(X), pe)
HEL(E L))

= inf{m(&) | pe(X) < pe(8)}
EcE
> inf (1(§) ] 7(8) > Yelaes + 2(G) mrc}
Z YglAme + E(C])I(Amax)c~
Restricting to the set A”** we deduce

ﬂ(XlAlna_x)lAmax Z Sup R(‘LL(XlAmax)7u)1Amax Z Yg]_Ama.\'.
neZ(EL0Y))

This last inequality together with equation (3.14) gives by (REG)
7(X) > R(ke(X),pie) > (2(X) —€)lg+elge  (3.16)

and the thesis follows taking again € arbitrary small on G and arbitrary big
on GC.

Proof (Proof of Corollary 3.1). Assuming (TEC). We only have to show
that the set 6, - which is now closed - defined in the previous proof can be
separated as in (3.13). For every B € ¢, P(B) > 0 we have already shown
that 15{X} N15%; = 0. We thus can apply the generalized Hahn Banach
Separation Theorem (see [28] Theorem 2.8) and find u, € Z(E,L%(9))
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and § € LY, (¢4) so that
He(X) > pe(8)+6 VE € Ce. (3.17)

Similarly when we assume (PRO).

Proof (Proof of Corollary 3.2). In order to obtain the representation in
terms of a maximum we prove the claim directly. Fix X € E and consider
the open convex set ¢ =: {§ € E | n(§) < n(X)}.

If € = 0 then by assumption (TEC) we have ©(&) > m(X) for every
& € E. In particular it follows that R(u(X),u) > m(X) for every p €
Z(E,L°(%)) and thus the thesis follows since

a(X)>  sup  R((X),p) > m(X) (3.18)
HeZ(EL(Y))

Now suppose % # 0: notice that 15{X } N13% = 0. We thus can apply the
generalized Hahn Banach Separation Theorem (see [28] Theorem 2.7) and
find Umax € L (E,L°(%)) so that

Pmax (X) > Umax(§) VE €F.

Let now A € ¢4 be an arbitrary element such that P(A) > 0: repeat the
argument of the previous proof considering

= {E €E|n(§) < m(X)onA}.

7" =: {‘5 € E|I~Lmax(X1A) > umax(élA) OnA}
and find that

{€ € E|ttmax (X) < tmax ()} € {G € E|n(5) = m(X)}

Again the thesis follows from the inequalities
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n(X) > sup  R(u(X),u) = inf{7(8) | hmax(X) < Hmax (&)}
pReEZL(E,LO(Z)) See

2 éigg{ﬂ(i) n(§) > (X)} > n(X)

When we assume (PRO) instead of (TEC) we just have to repeat the
argument in the proof of Theorem 3.1.

Proof (Proof of Corollary 3.3). Follows directly from the last three lines
of Step 2 (or Step 3) in the proof of Theorem 3.1.

3.3 Application to Risk Measures

In Section 1.4 we briefly discussed the application of quasiconvex analysis
to the theory of Risk Measures. Now we would like to better detail this
powerful tool in the module environment. It’s important to notice that at
the actual status of the research on this subject, not all of the following
results can be adapted to the vector space case. Hopefully this will be
developed in the future.

First of all we specify the definition of risk measure.

Definition 3.6. A quasiconvex (conditional) risk measure is a map p :
LL(F) — L°(9) satisfying

(MON)’ monotonicity: for every X,Y & Lé;(,ﬁz ), X <Y we have p(X) >
p(Y);

(QCO) quasiconvexity: forevery X,Y € Ll (#),A € L°(¢4) and 0< A < 1
PIAX + (1= A)Y) < p(X)Vp(¥),
(REG) regular if for every X,Y € L, (#) and A € ¢,
P(X14+ Y1) = p(X) 14 +p(V)1,c:

Recall that the principle of diversification states that ‘diversification should
not increase the risk ’, i.e. the diversified position AX + (1 — A)Y is less
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risky than both the positions X and Y. Under cash additivity axiom con-
vexity and quasiconvexity are equivalent, so that they both give the right
interpretation of this principle. As already mentioned with an example in
Section 1.4 (and vividly discussed by El Karoui and Ravanelli [25]) the
lack of liquidity of the zero coupon bonds is the primary reason of the fail-
ure of cash additivity. Thus it is unavoidable to relax the convexity axiom
to quasiconvexity in order to regain the best modeling of diversification.

3.3.1 A characterization via the risk acceptance family

In this subsection we assume for sake of simplicity that p(0) € L°(%): in
this way we do not loose any generality imposing p(0) = 0 (if not just
define p(-) = p(-) — p(0)). We remind that if p(0) = 0 then (REG) turns
outto be p(X14) = p(X)14.

Given a risk measure one can always define for every Y € L%(%) the risk
acceptance set of level Y as

o) = {X e LL(7) | p(X) <Y}.

This set represents the collection of financial positions whose risk is
smaller of the fixed level Y and are strictly related to the Acceptability
Indices [12]. Given a risk measure we can associate a family of risk ac-
ceptance sets, namely {dpy |Y € L°(%)} which are called Risk Acceptance
Family of the risk measure p as suggested in [19]. In general

Definition 3.7. A family A = {&/"|Y € L°(%)} of subsets &/ C L (.F)
is called risk acceptance family if

(i) convex: &Y is L°(%)-convex for every Y € L%(¥9);

(i) monotone:

o XY and X, ELQ(?),XZ > X implies X, € @7/7;

e for any Y’ <Y we have &V C &7

(iii) regular: X € «7" then for every G € ¥ we have
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inf{Y1c € L°(9) | X € &7} =inf{Y € L°(¥) | X1 € &7}

(iv) right continuous: 7Y = oy &Y for every Y € L(%).

These four properties allows to induce a one to one relationship be-
tween quasiconvex risk measures and risk acceptance families as we prove
in the following

Proposition 3.2. For any quasiconvex risk measure p : L},(F) — L°(9)
the family
Ap ={a, Y € L)}

with %Y ={X e Ll(Z) | p(X) <Y} is arisk acceptance family.
Viceversa for every risk acceptance family A the map

pa(X) =inf{y € L°(¥) | X € &7}

is a well defined quasiconvex risk measure py : L}, (F) — LY(9) such that

pa(0) =0.
Moreover py, = p and Ap, = A.

Proof. (MON)' and (QCO) of p imply that %Y is convex and monotone.
Also notice that

inf{Y € L°(%) | X1g € o) } =inf{Y € L°(¥) | p(X1g) <Y} = p(X15)
=p(X)1g =inf{Y1g € L%(%) | p(X) <Y} =inf{Y € LY(¥Y) | X1 € 7, },

ie. ,;apr is regular.
Obviously szfpy C Nyroy @Y forany Y € L%(9). If X € 1oy &/ then
p(X) <Y'forevery Y’ >Y and hence p(X) <Y ie. dpy S Nyray @Y
Viceversa: we first prove that p, is (REG). For every G € ¢
pa(X1g) =inf{Y € L°(%) | X1 € ¥} =

W inf{y1g € L99) | X € '} = pa(X)1g
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Now consider X1,X; € Ly (), X1 < X;. Let G = {ps(X1) = +oo} so
that pa(Xi15c) > pa(Xalse). Otherwise consider the collection of Y's
such that X;15 € 27 . Since 27" is monotone we have that X>15 € o7
if X;1G € /¥ and this implies that

pa(X)1g = inf{Y16 € L°(9) | X, € &7} =inf{¥Y € L°(9) | X116 € &/}
> inf{Y € L%(9) | X216 € &7} =inf{Y15 € L°(9) | X, € &7}
= p(X2)1g,

i.e. pa(Xi1g) > pa(X216). And this shows that py(-) is (MONY'.

Let X;,X, € L, (%) and take any A € L°(%), 0 < A < 1. Define the set

B=:{pa(X1) < pa(X2)}. If Xi1pc +Xalp € &' for some Y' € L°(%)

then for sure Y’ > pa(X1) V pa(X2) > p(X;) for i = 1,2. Hence also

p(X;) € &Y' fori=1,2 and by convexity we have that AX| + (1 —A)X, €

/Y Then py (AX) + (1 —A)Xz) < pa (X)) V pa(X2).

If Xi1pc +Xo1p ¢ &7 Y for every Y' € L%(%) then from property (iii) we

deduce that py (X;) = pa(X2) = +oo and the thesis is trivial.

Now consider B = {p(X) = +oo}: ps, (X) = p(X) follows from

PAP (X)IB = inf{YlB S LO(g) ‘ p(X) < Y} = +oolp
Pa,(X)ge = inf{V1ge €L°(F) [ p(X) <Y}
—inf{Y € L9) | p(X)1ge <Y} = p(X)Le

For the second claim notice that if X € /" then py (X) <Y which means
that X € .7 . Conversely if X € o7, then p4(X) <Y and by monotonicity

this implies that X € &7¥ " for every Y/ > Y. From the right continuity we
take the intersection and get that X € 7Y,
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3.3.2 Complete duality

This last Section is devoted to one of the most interesting result of this
thesis: a complete quasiconvex duality between the risk measure p and the
dual map R. We restrict the discussion to the particular case of L(%)-
modules of L@(ﬁ ) type for one main reason: actually it is the only
class of modules for which there is a full knowledge of the dual mod-
ule Z(E,L°(%)). When analytical results will be available on modules of
the Orlicz type (see [54] for the exact definition) or others the following
proof will be easily adapted.

We transpose the definitions of Section 3.2, with some little differences
of signs.
ROGZ)= ol (p(§) | EL-EZ912r) 319

is well defined on the domain
L ={(Y,2) € LYy x L, (F)|3E € LL(F) s.t. E[-ZE|9) > Y }.
Let also introduce the following notations:
P ={Zell(F)|Z>0,EZ|9] =1}

a0 _, T
{dIP’ € Ly (F) | Q probability, E [d[P"g} = 1}
and the class . (L°(¥) x 97) composed by maps K : LO(¥4) x 27 —
LY(9) s.t.

e K is increasing in the first component.

o K(Y14,0)14 =K(Y,0)1, forevery A € 4 and (Y, dP) ezx.

o infyc 04 K(Y,Q) = infyc 04 K(Y, Q') forevery 0,0 € &9,

o Siso- evenly LO(9)- qua51concave. forevery (V,0) € L(9) x 29,A ¢
¢ and a € L°(%) such that K(¥,0) < « on A, there exists (S,X) €
LY (9) x LL(F) with
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o [.dO _[.dQ
for every (Y, Q) such that K(Y,Q) > o on A.
o the set # (X) = {K(E[X%W],Q) |Qe @‘1} is upward directed for
every X € LL(F) .
) dP

The class .2 (L°(4) x £79) is non empty in general as we show in the fol-
lowing Lemma.

Lemma 3.2. The function R defined in (3.19) belongs to # (L°(9) x 29)

We will write with a slight abuse of notation R(Y, Q) instead of R (Y dQ) .

Proof. First: R monotone in the first component follows from 3.1 i).
Second: R(Y14,0)14 = R(Y, Q)14 follows from 3.1 iv).
Third: observe that R(Y,Q) > infée%(j)p(é) for all (¥,Q) € L%(¥) x
P4 so that é
inf R(Y,Q)> inf .

ren g (Y,0) ‘:%(%p(é)
Conversely notice that the set {p(§)|& € L, (#)} is downward directed
and then there exists p(&,) | inf, eLl () p(&). For every Q € #9 we have

pe) =k (E|-2521].0) > i riv.0)
so that
it RS it p(8)
Fourth: for & € L°(¥) and A € & define
Uy ={(1.Q) € L°(%) x Z9R(Y,Q) > at on A},

and suppose 0 # Uy # L(4) x 249. Let (Y,0) € L°(¥) x 27 such that
R(Y,0Q) < ccon A. From Lemma 3.1 (iii) there exists X € LY, (%) such that
E}XZ—%M] >Y and p(X) < a on A. Since R(Y,Q) > o on A for every
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(Y,Q) € U4 then E[—X%\g] < Y for every (Y,Q) € Uy on A: otherwise

we could define B={w € A | E[—X‘é—%%] > Y}, P(B) > 0 and then from
Lemma 3.1 (iv) it must be that R(Y15,0) < o on the set B. Finally we can
conclude that for every (Y,Q) € U4

_[.d0 _dQ

Fifth: % = { (E [XdQ|§¢] Q)| Qe @q} is upward directed. Take O, 0> €
P4 and define F = {R(E[X“21|9],01) > R(E[X“%|4],0,)} and let O
given by

@71 do, 41 dQ»
aP - Fap TIFp

It is easy to show, using an argument similar to the one in Lemma 1.4 that

R<E xjjgg],@) (£ |xR].0r)ve(E x| 0:).

Lemma 3.3. Let Q € &9 and p satisfying (MON)', (REG) then

€ P19,

R(Y,Q)= inf {p(§)|E[— ‘ﬁw}:y}. (3.20)

Eell (7

Proof. For sake of simplicity denote by p(-) = E [“fl—%Kﬂ and r(Y, ) the
right hand side of equation (3.20). Notice that R(Y, 1) < r(Y,u). By con-
tradiction, suppose that P(A) > 0 where A =: {R(Y,u) < r(¥,1)}. From
Lemma 3.1, there exists ar.v. & € L (.F) satisfying the following condi-
tions

o pu(=8)>YandP(u(-§)>v)>0.
e R(Y,u)(w) <p(&)(w) < r(Y,u)(w) for P-almost every @ € A.

SetZ=p(—¢&)—Y € L%(¥) C L (F) and it satisfies Z > 0, P(Z > 0) > 0.
Then, thanks to (MONY, p(&) > p(& +Z). From u(—(£+2Z)) =Y we
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deduce:
R(Y,p) (@) < p()(@) <r(Y,u) (@) < p(§ +Z)(w) for P-ae. 0 €A,

which is a contradiction.

Consider the class .27 (L%(4) x £24) composed by maps K : L°(¥) x
P41 — [%(9) such that K € .4 (L°(¥) x £24) and there exist X1, X, such
that

sup (X)) < sup# (Xp) < Heoo.

Theorem 3.2. p : L) (7) — L°(¥) satisfies (MON), (REG), (EVQ) and
(PRO) if and only if

p(X)= sup R (E {—dQXg} ,Q) (3.21)
0c 24 dp

where

ro-0)= it {p(e) £ -£521| v}

EeLl(.
is unique in the class #P°P(L°(94) x 2).

Remark 3.2. Since Q << IP we can observe

Be [ 925 || = B0 [ 32X 9] = Bol¢1] =0 Eolx 9],

so that we will write sometimes with a slight abuse of notation
R(Eg[X|9],0) = inf {p(S)|Eq[c|¥] =0 Eo[X|¥]}
SELy(F)

From this last proposition we can deduce the following important result
which confirm what we have obtained in Chapter 1.

Proposition 3.3. Suppose that p satisfies the same assumption of Theorem
3.2. Then the restriction p := pl,,(z) defined by p(X) = p(X) for every
X € LP(F) is a quasiconvex risk measure that can be represented as
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p(X)= sup inf {p(5>IEQ[—élff]:QEQ[—XI%]}-
Qc 29 EELP(F

Proof. Forevery X € L (%), Q € &1 we have

pX) = sl {P(8) | Eo[=E19] =0 Eo[—X|¥]}

> inf {P(i) | Eo[—819] =0 Eo[-X|¥]}

Eell(F
and hence the thesis.

It’s a moot point in financial literature whether cash additivity (CAS)
(P(X+A)=p(X)—A for A € L°(%) is a too much restrictive assumption
or not. Surely adding (CAS) to a quasiconvex risk measure it automatically
follows that p is convex. The following result is meant to confirm that the
dual representation chosen for quasiconvex maps is indeed a good gener-
alization of the convex case. Differently from Corollary 1.2 here there are
no restrictive additional hypothesis and it becomes clear how a powerful
tool the modules are in this kind of applications.

Corollary 3.4. (i) If Q € 29 and if p is (MON), (REG) and (CAS) then

R(Eg(~X|9),0) = Eg(~X|%) — p*(~Q) (3.22)
where
P (—0)= sup {Egl-E9]—p(£)}. (3.23)
Selly(7)

(ii) Under the same assumptions of Proposition 3.2 and if p satisfies in
addition (CAS) then

p(X) = sup {Eo(=X|¥)—p"(-0Q)}
Qe 71

Proof. Denote by u(-) = E {fT%' \ g} ; by definition of R
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R(Eg(—X|9),0) = _ inf {P(é) | u(=6) = u(=Xx)}

Eelly(#
= u(—X)+5€g,1f {p(&) —u(=X) [u(=8)=pn(-X)}
= u(—X)Jré irplf >{p(3§) p(=&) | u(=8) = u(-Xx)}
= u(=X)— sup {p(&)—u(-X)|u(=8)=pn(-Xx)}
teLl (#)
= p(=X)—p*(-0),

where the last equality follows from

p*(—0) ‘% 5 igp (=& —uX-8)—pE+ux-=5))}
= sup {u(-n)-pMm)|n=E8+uX-38)}

neLl(#)

sup  {u(=n)—pM) | 1(=n)=n(-=X)} <p*(-0).
neLl (%)

IN

Remark 3.3. If we look at equation (3.21) in the light of Proposition 3.1
we could naively claim that the inequality

R<E[ dQX|§4] )zE[—ZﬁXI%]—p*(—Q)

can be translated into : ‘If the preferences of an agent are described by a
quasiconvex - not convex - risk measure I can’t recover the risk only taking
a supremum of the Fenchel conjugate over all the possible probabilistic
scenarios. I shall need to choose a more cautious and conservative penalty
function.’
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3.3.3 Proof of Theorem 3.2

We recall that Lf;(ﬁ ) is a normed module so that the concatenation
property always holds true. During the whole proof we fix an arbitrary
X e L; (.Z). We are assuming (PRO) and for this reason we refer to proof
of Theorem 3.1 step 3 for the definitions and notations. There exists a
1,6 € E such that p(&) < p(&) € L°(%) and we recall that the evenly
convex set

=:{€ € Lyy(F) | p(§) < Yelamar +p(§1)1 ymaryc } # 0.

may be separated from X = X 14max + {1 (amavyc bY e € X(L” (F),L0(94))
ie.

He(X) > pe(§) VEE€TL,.

ONLY IF.

Letn € LL(#), n >0.1f & € %} then (MON) implies & +nn € %} for
every n € N. In this case e (-) = E[Z - |] for some Z¢ € L{,(F) and from
(3.17) we deduce Vn € N:

E[Ze(§—X)|9]

n

E[Z(E+mn)|9] <E[Z:X|9] = E[-Zn|9]>

ie. E[Zen|9] < 0 for every n € LI)(F), n > 0. In particular Z¢ < 0:

only notice that l{Z 0y € Liy(F) so that E[Zelyz,.y] < 0 if and only if
B({Ze > 0}) =

If there exists a % -measurable set G, P(G) > 0, on which Z, = 0, then we

have a contradiction. In fact fix & € €.: from E[Z:£|9] < E[Z:X|9] we

can find a 8 € LY, (¢) such that

E[Z:8|9]+ ¢ < E[ZeX|9]

and then



3.3 Application to Risk Measures 121
8:1 = E[Ze16E|9) + 8¢ 16 < E[Z16X|9] =0

which is absurd because P(6z 16 > 0) > 0.

We deduce that E[Z:1p] = E[E[Z¢|¥]15] < O for every B € ¢ and then
P(E[Z¢|¥9] < 0) = 1. Hence we may normalize Z; to [ZZS\‘”] = dQ €
L'(F).

From equation (3.16) in the proof of Theorem 3.1 we can deduce that

p(X)=m(-X) = sup inf ){n(§)|E[§|E4 >E[—x |%]}

Qe p1EEll(F
— s it @) 8|-e520] 22| -x 2]}
Qe 29 EELy(F)

(3.24)

Applying Lemma 3.3 we can substitute = in the constraint.

To complete the proof of the ‘only if ’statement we only need to show
that R € .#PP(L°(4) x 29). By Lemma 3.2 we already know that R €
M(LY(G) x 29) so that applying (PRO) and (3.24) we have that R €
MPP(LV(G) x P9).

IF.

We assume that p(X) = supge g R(E[— XdQ |41, Q) holds for some R €
AMPP(LY(4) x 29). Since R is monotone in the first component and
R(Y14,0)14 = R(Y,Q)1, for every A € &4 we easily deduce that p is
(MON) and (REG). Also p is clearly (PRO). We need to show that p i

(EVQ).
Let Vo ={& € LI (F)|p(&) < a} where a € L°(¥) and X € L (7 ) such

that X14 NVy14 = 0. Hence p(X) = suppe zq R(E[— XdQ|%] Q) >
Since the set {R(E[—XZ—% 191,0)|0 € £%} is upward directed we find

R (E |: deg:| >Qm) TP(X) asm T +oo.
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Consider the sets F,, = {R(E[-X %W],Qm) > o} and the partition of
Q given by G| = F; and G,, = F,; \ G,;,—1. We have from the properties of
the module L, (.7) that

9Oy 4Ony cr1(7)

dP ~ = dP

and then Q € 29 with R(E[—X%W],Q) >
Let X € Vj: if there exists A € ¢ such that E[XdQIAW] < E[Xd—QlA\%}
on A then p(X14) > R(E[-X 921,|9],0) > R(E[-X%21,|%],0) > a on

A. This implies pX)>a on A which is a contradiction unless P(A) =0.
Hence E[X%L@] > E[Y% |4] for every X € V.
UNIQUENESS.

We show that for every K € .#P"P(L%(9) x £7) such that

p(X) = sup K(E[-X22

g b )
s T191,0)

K must satisfy

K(v,0)= inf ){p(é)lE[ D] =1}

sell(F

Define the set o7 (Y, Q) = {é cLl(F)|E [—5%\%} > Y}.

Lemma 3.4. For each (Y,Q) € L°(9) x 274

_ do
K(¥,0)= sup inf )K(E {—Xﬂp%},Q) (3.25)

QepaXed (¥, 1)

Proof (Proof of the Lemmay). To prove (3.25) we consider
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= 5 . do
0.7)= inf K(E|-Xx=Z29/|,
veon= itk (5[] <)
Notice that E[— XdQ|€4]2onr every X € o/ (Y, Q) implies

v0.0n = it k(£|-xw].0)=>k0.0)

Xed (Y,0

On the other hand E[YZ—% |9] =Y sothat —Y € </ (¥, Q) and the the second
inequality is actually an equality basically

9|.0) k(5.0

&l
SIS

v(0.0.7) <k (E|-(-1)]

If we show that w(Q,0,Y) < w(Q,0,Y) for every Q € 224 then (3.25) is
done. To this aim we define

%:{AeéﬂE[ 99| — [ ‘1Q|g¢] onA,VXeLg;(gZ)}
9 = {Ae%aXeLP(y‘)st E[X|£4 <E[X|£4 onA}

For every C € € we have for every X € L’7 (¥

o] (e
:K(E[ |%]1c, >1c— ( [ ] >1c

which implies w(Q,0,Y)1c = w(0,0,Y)1c.
For every D € & there will exists X € LY, (.7) such that whether E [—X d% % ]

E[ XdQ|%] onDor <onD.LetusdefineZ=X— E{ X‘;—%M}Surely
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[ZdQ |€4 =0butE [Z% \54 < 0 on D. We may deduce that for every

acl’9), —Y +aZc o/ (Y,0) and also notice that any ¥ € L°(%) can
be written as Y = E[(—Y + oy Z) % |¢] on the set D. Finally

v(Q,0,YV)1p < inf K(E [—(—Y+az)dQ§4 ,Q> 1p
aeLo(g)
= YelL%fg)K(YlD,Q) 1p = , 13{ )K(YID ,0)1p
= (Y7Q) 1D

Now we need to show that there exists a maximal element in both
class % and 2. To this aim notice that if A,B € ¥ then AUB, AN B be-
long to €. Consider the set {1¢|C € €’}: the set is upward directed since
1c, V¢, = 1¢,uc, for every Ci,C> € €. Hence we can find a sequence
1¢, 1 sup{1c|C € €} = 1cmar where C"*™ = U, C, € 4. Through a similar
argument we can get a maximal element for &, namely D™®*: notice that
P(C™MaX |y D™3X) = 1 so that we conclude that w(Q,0,Y) < w(0,0,Y) =
K(Y,Q) and the claim is proved.

Back to the proof of uniqueness. By the Lemma

K(Y,0)= sup inf K<E [—x%} >
QepaXed (Y,0)

Y .
< inf supK([ Cﬂp|§4,Q>— inf p(X)

Xed (Y,0) ge 24 Xed (V,0)

We need to prove the reverse inequality and then we are done. Again we
consider two classes of ¢-measurable sets:

¢ ={AcY|K(Y,0)1s>K(Y,Q)14V(Y,0) € L°(F) x 27}
2 ={Ac9|3(Y,0) € L2(9) x P95t K(Y,0) <K(Y.Q)onA}
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For every C € € the reverse inequality is obviously true.

For every D € Z there exists some (Q,Y) € L%(%) x 99 such that
K(Y,0) > K(Y,0) on D. This means that it can be easily build up a
B € L°(%) such that B > K(¥,0) on D and the set Uy = {(¥.Q) €

L°(9) x 24|K(Y,Q) > B on D} will be non empty. There exists (S,X) €
L% (4) x L,(F) with

_ _dQ . _dQ
YS+E [Xd]P’M} <YS+E[Xd]P%} onD

for every (Y,Q) € U[?.
All the following equalities and inequalities are meant to be holding PP

almost surely only on the set D. Set A = —Y _E[%% 4] and X = % +A,

$O thatE[)/(\fl—HQ;Kf] = —: forevery (Y,0Q) € Ug
E[xR
implies Y—i—E[(%—l—A) |%} <Y+E [(% )% ]
d

implies Y+E[ |€4<Y+E[A—}

S+E[XB|1Y| <¥S+E

ie. Y+E [X |§¢] 0 for every (Y,Q) € Ug.

For every Q € &9 define Yo = E {—)?d—Q |§4] .If there existsaBC D €
% such that K(Yp,Q) > B on Bthen Yo+ E {X |€4 > 0onB.
In fact just take (Y7,Q1) € UB and define ¥ = Yplp+Yi1yc and Q € 224

such that .
g dQ dQ
& =y
aP — ap Bt e

Thus K(¥,0) > B on D and ¥ +E {fz—%%} > 0 on D, which implies
Yo+E [)?‘é—g \54 > 0 on B and this is absurd.
Hence K (Yp,Q) < B. Surely X € o/ (¥,0) and we can conclude that
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o . dQ
K(¥,0)1p < f K(E|-x=|%|,0)1
7.0 D_XE-:?(Y-Q)QSeuggq ( { dP' } Q> P

< sup K (E [—)?dQW] 7Q> 1p < Bl1p
Qe dP

The equality follows since B can be taken near as much as we want to
K(Y,Q) and then we conclude that

K(Y.0)= inf X).
(¥,0) Xek;y(mp( )

Repeating the argument in Lemma 3.4 we can find a maximal element
D™ ¢ 9 and C™* € € and conclude from P(C™"* U D™™) = 1.
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