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Introduction

Adams’ inequality [2] in its original form is nothing but the Trudinger-Moser in-
equality for Sobolev spaces involving higher order derivatives. In this Thesis we
present Adams-type inequalities for unbounded domains in R™ and some appli-
cations to existence and multiplicity results for elliptic and biharmonic problems
involving nonlinearities with exponential growth.

The Thesis is divided into two parts. Part I is devoted to the study of higher
order exponential-type inequalities in R™ and Chapter 1 is an introduction to
this part, containing a brief historical overview of Trudinger-Moser and Adams
inequalities. In Chapter 2, we introduce a sharp Adams-type inequality in R™
proved in the following paper

e B. Ruf, F. Sani, Sharp Adams-type inequalities in R™, Trans. Amer. Math.
Soc. to appear

In view of applications to a class of biharmonic problems in R*, in Chapter 3,
we focus our attention in the 4-dimensional case proving some consequences of
the Adams-type inequality in R?.

Part II is devoted to applications of Trudinger-Moser and Adams inequalities
to elliptic and biharmonic equations. Chapter 4 is a review of past developments
in the study of elliptic and biharmonic problems involving nonlinearities in the
critical growth range. In Chapter 5, we give a mountain pass characterization
of groud state solutions of a nonlinear scalar field equation in R? with critical
exponential nonlinearity. This characterization is obtained in the following paper

e B. Ruf, F. Sani, Ground states for elliptic equations in R? with exponential
critical growth, submitted

Finally in Chapter 6 and 7, we study a class of biharmonic problems in the whole
space R? both in the case when the nonlinear term has subcritical and critical
exponential growth. These results are contained in the following papers

e F.Sani, A biharmonic equation in R* involving nonlinearities with subcrit-
ical exponential growth, Adv. Nonlinear Stud. 11 (2011), No. 4, 889-904

e F. Sani, A biharmonic equation in R* involving nonlinearities with critical
exponential growth, Commun. Pure Appl. Anal. to appear






“One of the wonders of
mathematics is you go somewhere
in the world and you meet other
mathematicians, and it’s like one
big family.”

Louis Nirenberg

Acknowledgements

Looking back at the last three years, I feel amazed when I realize how many in-
teresting people have crossed my life. People that, in many ways, have influenced
me and this work. It is time to thank everyone.

It is a pleasure for me to express deep gratitude to my advisor, Prof. Bernhard
Ruf, for having proposed to me the topic of the present thesis. I found the
problems that we studied extremely interesting, in these years he really made
me love math. I wish to warmly thank him for his invaluable help during the
whole time of my PhD and for having constantly supported me with his positive
attitude. I feel fortunate to have had him as my mentor.

I am grateful to Massimo Villarini for the time we spent together collaborat-
ing and for sharing with me his passionate vision of mathematics.

I am also indebted with Daniele Cassani for his useful suggestions and with
Cristina Tarsi for kindly answering my questions. A special mention also to
Daniela Lupo, I thank her mostly for showing me how to work with a smile.

I would like to thank the Dipartimento di Matematica di via Saldini for hav-
ing made possible my PhD studies and in particular the research group Analisi
non lineare ed equazioni alle derivate parziali non lineari for providing me such
a pleasant research environment. Many thanks to all the friends who shared
with me these unforgettable three years at Studio 1034 and a special thank goes
to EmanuLele (my wonderful office mate), Patricio and Oscar.

Many thanks also to Prof. Nader Masmoudi for his kind hospitality at the
Courant Institute of Mathematical Sciences. This was a great opportunity for
me and I really enjoyed working with, and learning from, him. I met a lot of
good people in New York, a special thank goes to Benoit, Jacob and Zaher.

Some people needs to be mentioned here with no explanation. Bea and Luisa,
thank you especially for always believing in me and bearing me during these last
months. But also, how to forget Sara, Gigio, Tommy, cugi-Wolly, Deanna, Leo,
Caba, Elody, Caccia, Sonia, Miguel, Nigé, Baby, Daniele, Cesco, Pongo, Fede
and Thomas ... and don’t get disappointed if I forgot someone!

Finally, words are not enough to show how grateful I am to my parents, to
whom I dedicate this thesis.






Contents

I Exponential-type inequalities in R" 9
1 A brief history of the problem 11
2 Sharp Adams-type inequalities in R" 21
2.1 An iterated comparison principle . . . . . .. ... ... ... .. 24
2.2 An Adams-type inequality for radial functions in W2 2(]R‘l) ... 29
2.3 An Adams-type inequality for radial functions in W™ m (R™) . . 34
2.4 Proof of the main theorem (Theorem 2.1) . . . . ... ... ... 43
2.5 Sharpness . . . . . . ... e 44
3 Consequences of the Adams-type inequality in R* 49

IT Applications to elliptic and biharmonic equations 57

4 Elliptic and biharmonic equations with exponential nonlineari-

ties 59
5 An elliptic equation in R? with exponential critical growth 67
5.1 Mountain pass geometry . . . . . . .. ... 70
5.2 Preliminary results . . . . . . . . . ... ..., 73
5.3 Estimate of the mountain pass levelc . . . . ... ... ... .. 78
5.4 The infimum A is attained . . . . . . .. . ... 82
5.5 Proofs of Theorem 5.1 and Theorem 5.3 . . . . . . ... .. ... 85
6 A biharmonic equation in R*: the subcritical case 87
6.1 Mountain pass structure and Palais-Smale condition . . .. . .. 90
6.2 Exploiting symmetries . . . . . . ... ... 0oL 96
6.3 Finalremarks . . . . . . . .. ... L L oo 98



7 A biharmonic equation in R?: the critical case 101

7.1 Variational approach . . . . . .. .. ..o 103
7.2 Estimate of the mountain pass level . . . .. .. ... ... ... 107
7.3 Proof of Theorem 7.1 . . . . . . . . . . .. ... ... .. ..... 111
7.4 Proof of Theorem 7.3 . . . . . . . .. ... ... .. ...... 119

7.5 Finalremarks . . . . . . . .. ... 123



Part 1

Exponential-type inequalities in
RTL






CHAPTER 1

A brief history of the problem

First order Sobolev embedding theorem and the limiting
case

Sobolev inequalities are among the most famous and useful functional inequal-
ities in analysis. They express a strong integrability or regularity property for
a function u in terms of some integrability properties for some derivatives of
u. The most basic and important applications of Sobolev inequalities are to
the study of partial differential equations. These inequalities provide some of
the very basic tools in the study of existence, regularity and uniqueness of so-
lutions of all sorts of partial differential equations, linear and nonlinear, elliptic,
parabolic and hyperbolic.

Let Q C R™, n > 2, be a bounded domain. The Sobolev embedding theorem
asserts that if p < n then

n
WEIPQ) C LYQ)  1<q<p'i=—2 .
n—p
Equivalently,
sup / |u|? dz < +o0 for 1 < g <p*,
weW; P(Q), [|Vullp<1 /9

where ||[Vull} = [, [Vu[P dz denotes the Dirichlet norm of u, while

sup / |ul? dz = +o0 for any q > p*.
weW P(Q), | Vul|p<1 /2

The maximal growth \u|p* is the so called critical Sobolev growth. If we look at
the limiting Sobolev case p = n then

Wy () C LI(Q) Vg>1
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and every polynomial growth is allowed. Since formally p* = % ~ 400 as
p — n, one may expect that a function u € Wol’ ™(€2) is bounded, but it is well
known that

Wo () ¢ L¥(Q) .

For instance, denoted by |- | the standard Euclidean norm in R™, we can define

log|log |z|| for any € R” with 0 < |z| < £,
u(z) = e
0 elsewhere .

It is easy to see that

1

e d _
IVl =y [ = 2
0

rllogr|® n-1"

where wy,_1 is the surface measure of the unit sphere S*~! C R™, and hence
u € W(}’"(Q) for any domain 2 C R™ containing the unit ball centered at the
origin; but clearly u ¢ L°°(2). However e* is integrable:

1
e _ Wn—1 1 1
||€u\|1:wn71/ " Hlogr|dr = = (*"Fﬁ) .
0 n e n2e

The Trudinger-Moser inequality concerns this borderline case p = n.

The Trudinger-Moser inequality

To fill in the gap of the Sobolev embedding theorem, it is natural to look for the
maximal growth function g : R — RT such that

sup / g(u)dr < 400,
ueWy ™ (Q), | Vullp<1 /€

where Q C R™, n > 2 is a bounded domain. V. I. Yudovich [71], S. I. Pohozaev
[56] and N. S. Trudinger [70] proved independently that the maximal growth is
of exponential type and more precisely that there exist constants a, > 0 and
C'n > 0 depending only on n such that
sup / eonlul™ gy < 019 (1.1)
u€Wy " (Q), | Vulns1 79

The proofs of Yudovich, Pohozaev and Trudinger relied on the same idea, namely
developing the exponential function in power series, the problem reduces to show
that a series of LP-norms converges. These proofs, however, will not produce
the optimal exponent ay,.

More precisely, the key tool in Trudinger’s proof is the Sobolev estimate

1
[|ullq §Cn|ﬂ\(1q17%HVu||n VuGWOL"(Q),Vq> 1, (1.2)
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where ¢, > 0 is a constant depending only on n. Once proved inequality (1.2),
then (1.1) follows easily using the power series expansion of the exponential
function. In fact

n
sup / eonlul™=T gg <
weWy " (Q), | Vulln<1 /9
+oo "
< sup Z a—l/ |u|kﬁ dr <
weWd (@), | Vulln<1 ko B /0

+oo ok
<y diﬁkk
k=0

where the constant ¢, > 0 depends on n only; applying Stirling’s formula k! >

(4)"

S +o0o
sup / el gg < || Z(aéne)k < 400
u€Wy " (Q), [Vulln<1 7S k=0

provided that o < =L .
éne

Later J. Moser in [50] replaced these proofs by a more refined one and, at the
same time, he found the best exponent a,, proving the following sharp result

Theorem 1.1 ([50], Theorem 1). There exists a constant Cyn, > 0 such that

sup / eolul™ 1 gp < Cn|Q] Va < an (1.3)
ueWy " (Q), [ Vuln<1 7

where oy, = nw}/j{kl) and wn—1 is the surface measure of the unit sphere
Sn=1 C R™. Furthermore (1.8) is sharp, i.e. if & > au, then the supremum in

(1.8) is infinite.

Therefore it turns out that there exists a positive number ay, such that (1.3)
holds for a < ay, and is false for a > a,,. The remarkable phenomenon is that
the inequality still holds for the critical value a,, itself.

In the literature (1.3) is known under the name Trudinger-Moser inequality.
In what follows we will refer to the sharpness of an inequality in the sense
expressed in the second part of Theorem 1.1.

Moser’s proof of inequality (1.3) relies strongly on Schwarz spherical sym-
metrization, which preserves integrals of functions and does not increase the
Dirichlet norm in Wol’p(Q) with p > 1. To every function u € Wol’p(Q) is asso-
ciated a spherically symmetric function u? such that the sublevel-sets of uf are
balls with the same measure as the corresponding sublevel-sets of |u|, that is

{z €R™ |uf(z) < c}‘ - ‘{:v €Q|jux)] <c}| ve>o.
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Then u! is a nonnegative spherically nonincreasing function defined on a ball
Bgr C R"™ centered at the origin with radius R > 0, satisfying |Bg| = |€2|, and
uf € Wol’p(BR). We recall also that

uf(z) :u*(%\ﬂ") x € Br

where u* is the onedimensional decreasing rearrangement of u.
By construction, if F': R — R is a Borel measurable function such that either
F >0or F(u) € L'(Q) then

/ F(u)dx = F(ul)dz.
Q Br
The monotonicity of Dirichlet norms under such a symmetrization is known as
the Polya-Szegé principle
IVl > IVellp,  Yu € Wy "(2) (14)

where u! is the decreasing rearrangement of w.
Therefore, making use of symmetrizations,

n
—1
sup /e“luln dx <
wEW Q) [ Vullp<1 I8

By T
< sup / W)™ gy
wteW) ™ (Bpr), |Vut o<1 /BR

and hence to prove Theorem 1.1 it is sufficient to consider the radial case. Moser,
after the change of variables

_ 1
r=lz| = Re™w and w(t) == nTw;LLluﬁ(r),

—+oo
/ |vuﬁ\ndx=/ (W)™ dt
Bpg 0
_n_ +oo 4 n%,
/ e&(un)nfl d:lj:|BR|/ eTnlw‘ T tdt
Br 0

reduced the estimate to the following subtle one-dimensional calculus inequality.

Lemma 1.2 ([50], inequality (6)). Let ¢ : [0, +o0) — R be a nonnegative
measurable function such that

—+o0
/ S (E)dt < 1.
0

Then
“+oo
/ e FOar <,
0

where Cp, > 0 is the same as in Theorem 1.1 and

P() =t — (/Ot<z>(s)¢zs)ﬁ .
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In 2005, A. Cianchi [25] complemented the classical result of Moser obtain-
ing a sharp inequality for the space W1 ™(Q), i.e. without boundary conditions.
However, the reduction of the problem to a onedimensional inequality is more
delicate, in fact, since functions which do not necessarily vanish on 92 are al-
lowed, Schwarz symmetrization is of no use in this case. A key tool in the proof
of Cianchi is instead an asymptotically sharp relative isoperimetric inequality
for domains in R".

Trudinger-Moser inequalities for unbounded domains

An interesting extension of (1.3) is to construct Trudinger-Moser type inequali-
ties for domains with infinite measure. In fact, we can notice that the supremum
in (1.3) becomes infinite, even in the case o < o, for domains Q@ C R™ with
|©2] = 400 and consequently the original form of the Trudinger-Moser inequality
is not available in these cases. A weaker inequality for unbounded domains has
been proposed by D. M. Cao [19] for the case n = 2 and by J. M. do O [30] for
the general case n > 2. More precisely they proved that for any u € W1 ™ (R™)
with ||[Vulln, <m <1 and ||ul|ln < M < +o0

[ #entul 1) do < O, ) (15)

where C(m, M) > 0 is a constant independent of v and
p(u) = et — —. (1.6)

Later S. Adachi and K. Tanaka [1] studied the best possible exponent in this
weaker type of inequalities, proving that for any a € (0, an) there exists a
constant C'(«) > 0 such that

[ wlalul™T)do < C@llully va € WhnE) with [Vull, <1, (1.7
]RTL

and this inequality is false for o > ay. The proof of Adachi and Tanaka is
based on Moser’s idea, that is, making use of symmetrization of functions and
Moser’s change of variables, the estimate reduces to a one-dimensional calculus
inequality. The limit exponent «ay, is excluded in (1.7), which is quite different
from Moser’s result (see Theorem 1.1). This reveals the subcritical aspect of
such inequalities.

However, in the case n = 2 (i.e. for W01’2(Q) with © C R?), B. Ruf [61]
showed that if the Dirichlet norm is replaced by the standard Sobolev norm,
namely

lullfyr, n = I1Vullz + lully

then the result of Moser (Theorem 1.1) can be fully extended to unbounded
domains and the supremum in (1.3) is uniformly bounded independently of the
domain Q:
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Theorem 1.3 ([61], Theorem 1.1). There exists a constant C > 0 such that for
any domain Q C R?

sup / (™ —1)de < C (1-8)
1L6W&'2(Q)a H“HW172S1 @

and this inequality is sharp.

In [44], Y. Li and B. Ruf extended Theorem 1.3 to arbitrary dimensions
n > 2, i.e. to Wol’n(ﬂ) with 2 C R™ not necessarily bounded and n > 2.

The proof given in [61] for the 2-dimensional case is based on symmetrization
techniques, more precisely it is sufficient to consider the case = R? and, as in
the proof of Moser, without loss of generality we may assume that w is spherically
symmetric and nonincreasing. Then, the integral in (1.8) can be divided into
two parts

/ (4™ _ 1) dg = / (™ _ 1) dg +/ (€ _ 1) da
R2 R2\ B, B

0

with rg > 0 to be chosen. Concerning the integral on R? \Br, using the power
series expansion of the exponential function and, to estimate the single terms,
a pointwise estimate for nonincreasing radial functions (see [15], Lemma A.IV),
ie.

1
lu(r)] < Ellﬂlh vr >0, (1.9)

it is easy to obtain an upper bound which depends on rg only. The key point in
the proof of Ruf is the estimate of the integral on the ball. Writing

u(r) = u(r) £ u(ro) =: v(r) + u(ro),

we obtain
1
w2(r) < 0%0) (14 gl ) + (o) =5 () + d(ro)
0

where d(rg) > 0 is a constant depending only on 79 > 0 and w € W&’Q(Bro).
Hence
/ (647"“2 —1)dz < edmd(ro) 647”“2 de < C

Brg, Brg
provided that ||[Vw|2 < 1. But this is indeed the case if we choose r9 > 0
sufficiently large, in fact

1 1
(1 T —nun%) IVl = (1 T —Hu\@) IVul3 <

Vwl||2
” ”2 7TT’% 7'("!‘3

IN

1
(1 + —2||u||§) (1) <1
7TT'0

provided that 7rr(2) > 1.
We also recall that the proof given in [44] for the n-dimensional case is based
on subtle tecniques of blow-up analysis, however the enlightening method of
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proof introduced in [61] can also be adapted to recover the general n-dimensional
case (see Adimurthi and Y. Yang [7]) and will enable us to treat the case of higher
order derivatives in unbounded domains. Moreover, arguing as in [61] it is easy
to see that

sup ¢(o¢n|u|ﬁ) dr < 400 (1.10)
weWh n(®"), [ully1, n ,<1/R?

where 7 > 0 and
el n o= Vully +7llully -

In fact, as shown also by Adimurthi and Y. Yang in [7], the value 7 = 1, ap-
pearing in |- [lyy1,» = || [lyy1, 1 as a multiplicative constant for the L™-norm,
does not play any role and can be replaced by any 7 > 0.

We can notice that for any u € WbH™(R") with |[|[Vull, < m < 1 and
[lulln < M < 400, choosing

1—-m
0<1<

we have that [lully1,n . < 1 and thus (1.10) implies (1.5). Nevertheless, in-
equality (1.5) implies only that fixed 7 > 0

sup / w(a|u\ﬁ)d;r < 400
R"L

weW b MR, lull 1, ooy

provided that a € (0, o). Hence, (1.5) can be viewed as a subcritical inequality,
while (1.10) as a critical one.

The Adams’ inequality

In 1988 D. R. Adams [2] obtained another interesting extension of (1.3) for
Sobolev spaces with higher order derivatives. For these spaces the Sobolev em-
bedding theorem says that if Q@ C R™ then

W P(Q) C Liem (Q)

and hence the limiting case is p = 2. Let m be an integer and Q C R™

with m < n, Adams’ result can be stated as follows: for u € W™ P(Q) with
1 < p < +o0, we will denote by VIu, j € {1, 2 ..., m}, the j-th order gradient
of u, namely

iy e A%ﬁﬁil jeven
VAT u jodd

Theorem 1.4 ([2], Theorem 1). Let m be an integer and let Q@ C R™ with
m < n. There exists a constant Cp, n > 0 such that

sup / Pl ™™ G < Cn 0 |Q (1.11)
wew™ ™ (), [Vmufn <10



18

where
n n

72 2mp(m)]nm

L . .
[W if m is even,
n P

Bo = Bo(m, n) :=

Wn—1 n 41 n
5 om m n—m
[W} if m is odd.

NES

Furthermore inequality (1.11) is sharp.

Adams’ approach to the problem is to express u as the Riesz potential of its
gradient of order m and then apply the following theorem

Theorem 1.5 ([2], Theorem 2). Let 1 < p < +o0. There exists a constant
co = co(p, n) such that for all f € LP(R™) with support contained in Q& C R™

\
Q

Lasf (@) [

Tflp

<co

Tox f(a) = [ la=yl* S w)dy

is the Riesz potential of order «.

The reason why it is convenient to write u in terms of Riesz potential is
that one cannot use directly the idea of decreasing rearrangement u to treat
the higher order case, because no inequality of the type (1.4) is known to hold
for higher order derivatives. To avoid this problem, Adams applied a result
of R. O’Neil [53] on nonincreasing rearrangements for convolution integrals, if
h :=gx f then

—+oo
R (t) < tg™* (6) f(t) +/ g (s)f"(s)ds
t
where f**(¢t) := % fg f*(s)ds. Then, a change of variables reduces the estimate

to a one-dimensional calculus inequality

Lemma 1.6 ([2], Lemma 1). Let a : R x[0, +00) — R be a nonnegative mea-
surable function such that a.e.

a(s, t) <1 when0<s<t,

and
1

0 +oo 7 'y
sup (/ +/ aP (s, t) ds) =:b< 400
t>0 \J—oo Ji

where % + i = 1. Then there exists a constant co = co(p, b) such that for any
¢ : R — R satisfying ¢ > 0 and

+oo
[ Tewas<t,

—o0
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the following inequality holds
—+oo
/ e F®) gt <co
0

where ,
F(t) =t — (/j: a(s, Dé(s) ds)p

We can notice that the one-dimensional technical inequality of Moser, see
Lemma 1.2 above, corresponds to the case

1  when 0 < s <{,
a(s, t) = .
0 otherwise.

Later L. Fontana [36] proved that the complete analogues of Adams’ theorem,
Theorem 1.4, is valid for every compact smooth Riemannian manifold M. In
fact, the optimal exponent By turn out to be the same for every such M as it is
for domains in R™.

Adams’ inequalities for unbounded domains

As in the case of first order derivatives, one notes that the bound in (1.11)
becomes infinite for domains Q with |Q| = +oc0. Let

Jn —2
g

p(t) =€ — > = (1.12)
j=0 7

where n n
jn ::min{jeN’jZ—}Z—.
m m m

If m is an even integer, T. Ogawa and T. Ozawa [52] in the case ;- = 2 and
T. Ozawa [54] in the general case proved the existence of positive constants o
and C such that

[, eledul =) de < Clul

Rzl

Vu € W™ m (R™) with ||V ulln < 1.

3

n

The proof of this result follows the original idea of Yudovich, Pohozaev and
Trudinger; making use of the power series expansion of the exponential function,
the problem reduces to majorizing each term of the expansion in terms of the
Sobolev norms in order that the resulting power series should converge. More
precisely the following sharp Sobolev inequalities are involved

m 1- =2 2. n n
lully < Clm, m)a™™ % 9™l ™™ lull 57 Vu € W™ 3 (&), Vg € [, +oo) .
m ™ m
However the problem concerning the best possible exponent for this type of
inequalities is not solved with such a proof and it is still an open problem. We
point out that indeed the results of [52] and [54] are more general and more
precisely recover also the case of fractional derivatives.
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In the case that m is even, namely m = 2k, in Chapter 2 we will show that
replacing the norm ||V™u|| » with the norm

lullm, n = (A + )% ul o = [[(=A + D) ul n

where I denotes the identity operator, the supremum in (1.11) is bounded by a
constant independent of Q.
The main result that we will prove in Chapter 2 is the following:

Theorem 1.7. Let m be an even integer less than n. There exists a constant
Cin,n > 0 such that for any domain Q@ C R™

sup 6 (Bolul ™) dz < Crm,n
n
weW," ™ (), lullm, n<1

and this inequality is sharp.

In [43] (see Theorem 1.2), Kozono et al. explicitely exhibit a constant 3;, ,, <
Bo, with B:n,Qm = Bo(m, 2m), such that if 8 < g}, ,, then

sup [ o(u™m) de<c@omn  (13)

m, L oo
ueW m (R™), [[ulm, n<1

where C(3, m, n) > 0 is a constant depending on 8, m and n, while if 8 > S the
supremum is infinite. To do this they reduce the inequality to some equivalent
form by means of Bessel potentials, then they apply techniques of symmetric
decreasing rearrangements and, following a procedure similar to Adams’, they
make use of O’Neil’s result [53] on the rearrangement of convolution functions.
But with these arguments they did not answer the question whether or not the
uniform boundedness in (1.13) holds also for the limiting case 8 = So.



CHAPTER 2

Sharp Adams-type inequalities in R"

Adams’ inequality for bounded domains © C R? states that the supremum of

2.2
/ 63271' v de
Q

over all functions u € W§‘2(Q) with ||Aull2 < 1 is bounded by a constant
depending on €2 only. This bound becomes infinite for unbounded domains and
in particular for R*. In this Chapter we prove that if ||Au||2 is replaced by a
suitable norm, namely || — Au + u||2, then the supremum of

/(6327r2u2 _ 1) dx
Q

over all functions u € WOQ’ 2(Q) with || = Au+ul]2 < 1 is bounded by a constant
independent of the domain Q. Furthermore, we generalize this result to any

n
W(:n’ ™ (Q) with @ C R™ and m an even integer less than n. More precisely
setting

jn =2
g

o(t) == e’ — Z 0
j=o0 7

where n
jn ::min{jeN’jZ—}>
m m

n
)
m

we will prove the following result:

Theorem 2.1. Let m be an even integer less than n, m = 2k < n with k > 1.
There ezists a constant Cy,n > 0 such that for any domain Q@ C R™

sup /Q 10} (Bo|u|ﬁ) dr < Cm,n (2.1)

m, o
ueWy ™ (), [lullm, n<1
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where
[ullm,n = (A + 1) T ulln = [[(=A + D)*ul| »
and
n 71—%2 r(z) n—m
Bo = Bo(m, n) i= z
0 =Folm, n) = r(zm)

Furthermore inequality (2.1) is sharp.

To prove this theorem, the idea is to adapt the arguments in [61], but in
order to do this one encounters difficulties in the use of symmetrization tech-
niques to reduce the general problem to the radial case. Indeed, this cannot be
done directly as in [61], since one would have to establish inequalities between
(IV™ull » and ||Vmuﬁ\|g, where uf denotes the symmetrized function of u,
and such estimates are unknown in general for higher order derivatives. To get
around this problem, the idea is to apply a suitable comparison principle. For
example, in [22] and [21], the authors used the well known Talenti comparison
principle (see [67]). Under suitable assumptions, this comparison principle leads
to compare a function u, not necessarily radial, with a radial function v in such a
way that ||V™ul|p = ||[V™v]|p and ||ullp < ||v||p for any p € [1, +00). Therefore,
the Talenti comparison principle is a suitable tool if one works with the LP-norm
of the m-th order gradient. In our case, since we want to obtain an estimate
independent of the domain, we need to replace the Dirichlet norm ||V u|| n by
a larger norm, and a natural choice is the norm

lallm, = (=2 + 1) F ]| .

It is easy to check that the norm ||u||m,» is equivalent to the Sobolev norm

I (i +Z IvulE) "
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and in particular, if u € W(;n ™ () (or u € W™ m (R™)) then

lullyym, 2 < llwllm,n (22)

But the Talenti comparison principle cannot be applied to the norm |[u||m,n
since it increases the || - ||;m, n-norm; however, the norm ||u||m,» is well-suited to
apply (an iterated version of) a comparison principle due to G. Trombetti and
J. L. Vézquez which appears in [69] (see also G. Chiti [24]). The iterated version
of this comparison principle is stated in Proposition 2.8.

Having reduced the problem to the radial case, in order to prove Theorem
2.1, we will show that the supremum of

/BR ® (60|u\ﬁ) da
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over all radial functions with homogeneous Navier boundary conditions belong-
ing to the unit ball of

™R By T ™
(WA (Br) = W ™ (Br) N WL ™ (BR), |- Ly, 2 )

is bounded by a constant independent of R > 0. Here and below, B := {x €
R"™ | |z| < R} is the ball of radius R > 0, and

Wy (BR) = {“ € W™ (Bg) Alulppy, =0
in the sense of traces for 0 < j < %}
™, o — A _ .
Weoa™(Br) ={ue W™ m(Br) | wu(z)=u(lz]) ae. in Bgr}

are respectively the space of W™ %(BR)-functions with homogeneous Navier

boundary conditions and the space of radial W™ w (Bg)-functions. This result
is expressed in the following:

Proposition 2.2. Let m be an even integer less than n. There exists a constant
Cm,n > 0 such that

sup / 0] (Bo|u\ n*?ﬂ) dr < Cm,n (2.3)
m, 2 B
weW M (BR), [ull ym, nym <170
independently of R > 0 and this inequality is sharp.

This ends an outline of the proof of Theorem 2.1.

We point out that, as W(;n' m(Q) C W]T\,n ™ (), we have

sup [ 6 (Bolul ™7 ) do <
"
wewy" ™ (), [ullm, n<1

< sup 10} (,80|u|“4m> dz
n
weWy ™ (), [[ullm, n<1

and actually we will also prove the following stronger version of the Adams-type
inequality (2.1):

Proposition 2.3. Let m be an even integer less than n. There exists a constant
Cm,n > 0 such that for any bounded domain 2 C R™

P / ¢ (Bolulm) dz < Cm,n (2.4)
weW " T (Q), [ullm, n<1

and this inequality is sharp.
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Comparing this last result with Theorem 2.1, in the case of bounded domains,
it is remarkable that the sharp exponent Bp does not depend on all the traces
but only on the zero Navier boundary conditions. This is not obvious, as shown
by A. Cianchi in [25] in the case of first order derivatives: with zero Neumann
boundary conditions (i.e. in W "(Q) instead of WOI’ "(€)) the sharp exponent
ap, in Theorem 1.1 strictly decreases.

The plan of the proofs of the results stated above is the following. In Section
2.1 we recall the comparison principle of G. Trombetti and J. L. Vdzquez [69]
(see also G. Chiti [24]) and we introduce an iterated version of it. In the following
sections (Section 2.2 and 2.3), firstly we prove that the supremum of

/Rn ® (50|u\ﬁ) da

over all radial functions belonging to the unit ball of (W™ w ®R™), -1
is bounded:

)

W
Theorem 2.4. Let m be an even integer less than n. There exists a constant

Cm,n > 0 such that

sup / 10} <Bg|u| "*m) dr < Cm,n (2.5)
m, R”
U«GWmd ™ (R™), Hu”wnl, n/m <1
where
Wi (E) = {u e W @) | u(e) = u(lel) ac. in B}

Furthermore this inequality is sharp.

Secondly we will see that the proof of Theorem 2.4 can be easily adapted
to prove Proposition 2.2. To make transparent the main ideas of the proof,
in Section 2.2 we prove Theorem 2.4 and Proposition 2.2 in the simplest case
m = 2, n =4 and we give a general proof for m > 2 even and n > m in Section
2.3. In Section 2.4 we prove the main theorem (Theorem 2.1), and we end the
Section with the proof of Proposition 2.3. The proof of the sharpness of (2.1),
(2.3), (2.4) and (2.5) is given in Section 2.5.

2.1. An iterated comparison principle

A crucial tool for the proof of Theorem 2.1 in the case m = 2 is the following
comparison principle of G. Trombetti and J. L. Vadzquez [69] (see also G. Chiti
[24]) which we state only for balls B C R™, n > 2, in order to simplify the
notations and as this is the case of our main interest. We will denote by |Bg|
the Lebesgue measure of Bg, namely |Bg| := on R™ where o, is the volume of
the unit ball in R™.

Let w: Br — R be a measurable function. The distribution funtion of u is
defined by

() = o € Br | lu(@)] > 3] v>0.
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The decreasing rearrangement of u is defined by
u(s) = inf{t > 0 | pu(t) <s} Vs € [0, Bl
and the spherically symmetric decreasing rearrangement of u by
uf(z) ;== u*(on|z|”)  Vz € Bg.
The function ! is the unique nonnegative integrable function which is radially

symmetric, nonincreasing and has the same distribution function as |u.
Let u be a weak solution of

{Aquu:f in B (2.6)

u € Wy *(Bg)
2n
where f € Ln+2(BR).

Proposition 2.5 ([69], Inequality (2.20)). If u is a nonnegative weak solution
of (2.6) then

du” gy < 2 s%_Q/s(f*—u*)dT Vs € (0, |Bl) . 2.7)
ds 0

2
n

20’n

n

We now consider the problem

(2.8)

—Av+ov=f" inBp
ve Wy (Bgr)

Due to the radial symmetry of the equation the unique solution v of (2.8) is
radially symmetric and it is easy to see that

! . 5o 2 /s(f* —d)dr Vs € (0, |Brl) (2.9)
0

n

On

do
_E(S) =
n2
where 9(on|z|™) :=v(z) Vz € Bpg.
The maximum principle, together with inequalities (2.7) and (2.9), leads as
proved in [69] to the following comparison of integrals in balls:

Proposition 2.6 ([69], Theorem 1). Let u, v be weak solutions of (2.6) and
(2.8) respectively. For every r € (0, R) we have

/ uud:rg/ vdx .

r r
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We are now interested to obtain a comparison principle for the polyharmonic
operator, which will allow us to reduce the proof of Theorem 2.1 to the radial
case. To this aim let m = 2k with k a positive integer and let u € W™ 2(BR)
be a weak solution of

_ ky— £ i

( A+W{)2u f in Bg (2.10)
’U,GWN’ (BR)

2n
where f € Ln+2 (Bpg). If we consider the problem

— ky = £t i

( A+77{)2v f* in Bg 2.11)
'UGVVA,Y (BR)

then the following comparison of integrals in balls holds.

Proposition 2.7. Let u, v be weak solutions of the polyharmonic problems
(2.10) and (2.11) respectively. For every r € (0, R) we have

/ uudxg/ vdr .

T r

Proof. Since equations in (2.10) and (2.11) are considered with homogeneous
Navier boundary conditions, they may be rewritten as second order systems: for
anyi€{2, 37 L] k}

—Auy +u; =f in By —Au; +u; =u;j—1 in Br
(P1) 1,2 (Pi) 1,2
uy € WO (BR) u; € WO (BR)

— —Avy + 1 :fjj in Bgr — —Av; +v; =v;—1 in Bp
(P1) 1,2 (P "t aa o
v € WO (BR) v; € WO (BR)

where up = u and v = v. Thus we have to prove that for every r € (0, R)

/ u}idng v d . (2.12)
By

r

When k = 1, inequality (2.12) is the inequality in Proposition 2.6. When k > 2
we proceed by finite induction, proving that

/ ug dwﬁ/ v; dx (2.13)

r r

holds for every i € {1, 2, ..., k}. By Proposition 2.6 it follows that if 4 = 1 then
(2.13) holds. Now, assuming that inequality (2.13) has been proved for some
1€{1,2,..., k—1}, we show that

/ ul, | dx g/ Vigr da . (2.14)
B, B

r
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Without loss of generality we may assume that u;41 > 0. Infact, let @;41 be a
weak solution of

—ATUjy1 + i1 = Jug|  in B

_ 1,2

Ui+1 € Wy “(BR)
then by the maximum principle w;41 > 0 and %; 41 > u;41 in BR.

Since u;41 is a nonnegative weak solution of (P;y1) then (2.7) holds and
since v;4+1 is a weak solution of (P;41) also an analogue of (2.9) holds, namely

du 1 2 S
SE g < —5 s [T —uidr s e o |BaD

S TLQO'T? 0

do; 1 s
S () = 57 [ dun)dr Vs € (0, |Bal)

dS 77,20'7? 0

Therefore for any s € (0, |Bg|)

d’f)‘+1 du)}ikl 1 2 _ N
Bl - S -y s [ (o uip)dr <
n2o,
1 S
< = s%_z/ (uf —0;)dr .
n2o2 0

But as a consequence of the fact that inequality (2.13) holds for ¢ we have that

/ (uf — ) dr <0 Vs € (0, |Bgl)
0

and we get

dv;q1
ds

du 1 2 °
a c;:l (8) - —= SWJ/ (Di41 —uij1)dr <0 Vs e (0, [Brl) -
0

n2op

(s)
We can now proceed as in [69], setting

y(s) == /Os(ml —ul,,) Vs € (0, |Brl)

so that

y' — —5 y <0 in (0, |Bg|)
nQUT{L

y(0) =y'(IBr[) =0

and the maximum principle leads us to conclude that y > 0 which is equivalent
to (2.14). O

Actually, in the proof of Theorem 2.1, we will not directly use the comparison
of integrals in balls, Proposition 2.7, to reduce the problem to the radial case,
but the following comparison principle:
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Proposition 2.8 ([69], Corollary 1). Let u, v be weak solutions of (2.10) and
(2.11) respectively. For every convex nondecreasing function ¢ : [0, +00) —

[0, 400) we have
/BR o(Jul) dv < /BR o(v) da .

This result is a direct consequence of Proposition 2.7 and a well-known result
of G. H. Hardy, J. E. Littlewood and G. Pdlya [?].

Proposition 2.9 ([38]). Let h, g: [a, b] = R be non-negative measurable func-
tions. The following conditions are equivalent:

b b
e for any convex function ¢ we have / o(g(t))dt < / o(h(t)) dt;

x T
o for any x € [a, b] we have / gr(t)dt < / h*(t)dt and equality holds
when x = b. ¢ ¢

Proof of Proposition 2.8. From Proposition 2.7,

/0 u (t)dtg/o v(t)dt  Vz €0, |Bgl).

Consequently, if
|BR| |BR|
/ u*(t)dt :/ v(t) dt (2.15)
0 0

then, applying Proposition 2.9, we have

|Br| |Brl|
/B ol do = /O B (1)) dt < /0 s dt= [ d(v)de.

Br

If (2.15) does not hold, it suffices to define

sy o (2O e M)
W0 wee (M, |Bgl),

with 0 < M < |Bpg| such that

/OBR ut (t) dt = /OMv(t)dt.

Then, applying again Proposition 2.9 and exploiting the monotonicity of ¢, we
obtain the desired estimate.
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Remark 2.10. It is easy to adapt the previous arguments to obtain a result for
general bounded domains. Let Q@ C R™, n > 2 be a bounded domain, we consider
the problems:

(~A+DFu=f nQ (A + DFv =t in OF
ueWy2(Q) ve Wi (Qb)

2n
where f € L2 (Q) and QF is the ball in R™ centered at 0 € R™ with the same
measure as 2. Then for every conver mondecreasing function ¢ : [0, +00) —

[0, +00) we have
[ otuas< [ ow)as.

Remark 2.11. We can now explain how this last proposition may be used
in the proof of Theorem 2.1. Let m = 2k < n with k a positive integer. Let
u € C§°(BR) with Br C R™ and define f := (—A+1I)*u in Bg. By construction
u 1s the unique solution of (2.10). Let v be the unique radial solution of (2.11),
then by Proposition 2.8 it follows that

/BR ¢ (Bolul ™7 ) dz < /BRas (Bolol ™) da .

Since f € Lm (Bg), we have that f* € Lm (Bg) and thus v € W;\]n'm(BR)‘

rad
Furthermore

k k
ollm, = (=A + Dol = 142 = [flla = (=& + DFula = Jullm,n -
This means that, starting with a function u € C§°(BR), we can always consider

rad
in and which has the same || - ||m, n-norm as w.

n
a radial function v € W;\,n’ ™ (Bgr) which increases the integral we are interested

2.2. An Adams-type inequality
for radial functions in W2 ?(R?)

In this Section we will prove the first part of Theorem 2.4 in the case m = 2 and
n = 4, namely we will prove the existence of a constant C' > 0 such that

sup / (632"2"2 —1)dx < C. (2.16)
2 R4

, 2
weW2 2(®4), lully 2, 2 <1

r

To do this we follow the techniques adopted in [61] for the proof of Theorem 1.3,
and the key to adapt these arguments to the case of second order derivatives is
the following stronger version of Adams’ inequality:

Theorem 2.12 ([68]). Let Q C R* be a bounded domain, then there exists a
constant C' > 0 such that

2,2
sup / 327 dx < C)Q|
wEW22(Q)NWy (), |Aul2<1 /L

and this inequality is sharp.
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Remark 2.13. We point out that Adams’ inequality, in its original form, deals
with functions in WOZ’ 2(Q) (see Theorem 1.4) which is the closure of the space of
smooth compactly supported functions. Note that WOZ’ 2(Q) is strictly contained
in W22(Q)n Wol’ 2(Q) and

B 2,2
sup / e32m W dx <
wew 2 (), |Auf2<1 Y9

2, 2
< sup /6327T “dx,
weW2: 2(Q)NWy % (Q), [|Aul2<1 Y

therefore Theorem 2.12 improves Adams’ inequality showing that the sharp ex-
ponent 3272 does not depend on all the traces.

In [68] C. Tarsi obtained more general embeddings in Zygmund spaces and
Theorem 2.12 is a particular case of these results. For the convenience of the
reader, we give here an alternative proof (see also C. S. Lin and J. Wei [46]). To
do this we will follow an argument introduced by H. Brezis and F. Merle (see
the proof of Theorem 1 in [16]) constructing an auxiliary function written in
Riesz potential form and we will apply to this auxiliary function the following
theorem due to D. R. Adams:

Theorem 2.14 ([2], Theorem 2). For 1 < p < 400, there is a constant cg =
co(p, n) such that for all f € LP(R™) with support contained in Q, |Q] < +oo

—_n_
Q

where % + i =1, wp_1 is the surface measure of the unit sphere S*~1 C R™

/
p

dx < co

Lo+ f(x)
T£lp

and
Tos f(&) = [ o= yl® =" f(w)dy

is the Riesz potential of order o := %.

Proof of Theorem 2.12. Let
CF(Q) := {u € C®(Q)NC(Q) |ulan = 0} .

By density arguments, it suffices to prove that

2,2
sup / e32™ U dz < Q) .
u€CF (), |Aull2<1 /O

Let u € C%(Q) be such that ||Aull2 < 1 and set f := Awu in Q, so that u is a
solution of the Dirichlet boundary value problem

Au=f inQ
u=20 on
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We extend f to be zero outside 2

= . Jf@x) zeQ
(@)= {o z € RI\Q

and we define

1
4 bl _
= (7)212*“‘\ in R*

w33272

so that —A% = |f| in R*. By construction @ > 0 in R* and from the maximum
principle it follows that @ > |u| in Q. Furthermore

— 2
4 (1
327272 < — <2*f|> in R* .

T ws \Ifll2

Therefore

2 2 2_2 4 (712’17‘(1))2
/ 32TV dy < / 32T dx < / e®s 712 dx
Q Q Q

and the last integral is bounded by a constant which depends on €2 only as a
consequence of Theorem 2.14 with n =4 and p = 2. O

We can now begin the proof of (2.16). Let u € Wrza:dQ(R‘l) be such that
llu|lyyr2,2 < 1. Fixed r9 > 0, set

n ::/ (@7 _1)yag I ::/ (€7 1)y
B R4 \BTO

0
so that
/4(e32”2“2 “Vde =1 +1».
R

During the proof we will show that it is possible to choose a suitable rg > 0
independent of u such that I and I2 are bounded by a constant which depends
on 1o only, and so we can conclude that (2.16) holds.

Firstly, we write I2 using the power series expansion of the exponential func-
tion

+oo 2k
327
Ir = E % [ka, Ig’k = /4 |u|2k dx .
k=1 : RE\Brg

We estimate the single terms I3 ; applying the following radial lemma.
Lemma 2.15 ([41], Lemma 1.1, Chapter 6). If u € W:{;;(R‘l) then
1 1
< - -
@) < = a7 .2

for a.e. x € R*, where ws = 272 is the surface measure of the unit sphere
5% C R
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Hence for k > 2 we obtain
flw |‘2/{;1 2 /+°° 1 p3 o= ||u| Wi, 2 rot =3k ||u\ Wi2 43k
3 = - : 0
(wa)* o (@a)f T Bh—4 ()]
This implies that

+o0 21,112 k
1 (3272 lulliyy, -
Iy < 3272 ||u)|3 4 warg E k' <o.)3rogv < ¢(ro)

Iy <
T0

where the constant ¢(rg) > 0 depends only on rg since by assumption |lull2 <1
and ||ul|y1,2 < 1.

To estimate I, the idea is to use Theorem 2.12, and in order to do this we
have to associate to u € W% 2(B,,) an auxiliary function w € W2 2(B,,) N

W01’2(BT0) such that [|[Aw|l2 < 1. Recalling that u € Wr2a’dz(]R4)7 we define a
radial function v = v(|z|) as

v(|z]) =: u(|z]) — u(ro) for 0 < |z| <o

and we can notice that v € W2 2(By,) N Wol’ Q(BTO)A Applying again the radial
lemma, we get for 0 < |z| < 7¢

u?(|z]) = v?(2]) + 2v(|z])u(ro) + u®(ro) <
< 0*(Jz]) + [o?(|z])u® (ro) + 1] + u®(ro) <

1 1 1 1
< A(ol) + 02(1ol) [ 05 s Il | +1+ gyl <

1
2
< 2(ol) |1+ 5oy g Il e +dCro).
Now we define
w(l|z]) = v( |a:)\/ Py — lull, 2 for all 0 < |z| <o

so that w € W2 2(B,,) N W01’2(BT0) and
u?(|z]) < w?(|z]) + d(ro) for all 0 < |z|<rg. (2.17)
By construction
/ (Av)de:/ (Au)? do < [Aull2 <1 — [[ul2n, 2
B

ro By,

and hence

2
/B (Aw)de:/Bm [A <u\/1+21 — llull3., 2)] de =

70
11 )
(14 523 ol ) [, @i

0

1 1
< (1 + ——3uuuévl,2) (1= Jull?n,2) <

212 rg

<1 1 LI [|u||? <1
—(1-=—=—=)|u
- 272 o3 w2 =

A



Sharp Adams-type inequalities in R™ 33

provided that ro3 > # From (2.17) it follows that

2 2,2
L < 327 d(ro) 327w g
Brg

and if rg > 3 #, then the right hand side of this last inequality is bounded by

a constant which depends on g only, as a consequence of Theorem 2.12. This
ends the proof of the first part of Theorem 2.4 in the case m = 2 and n = 4; for
the sharpness see Section 2.5.

Remark 2.16. In the estimate of 11 we might expect to apply Adams’ inequality
(1.11). But to do this one would need to construct an auziliary function w which
s in Wg 2(Bm) and this is not an easy task. However in view of Theorem 2.12
it s sufficient that w € W2 2(By) N W()1’2(B7-0)7 [[Aw|l2 < 1 to conclude that

fB (632"’2“’2 — 1) dz is bounded by a constant which depends on ro only.
o

We can easily adapt the arguments above to obtain a proof of Proposition
2.2 in the case m = 2 and n = 4.

Prgo{ of Proposition 2.2 in the case m =2 andn =4. Fix R > 0 and let u €

WN taa(Br) be radial and such that ||ul|y2,2 < 1. First of all we recall that

W *(Br) = W»2(Bg) N W, *(BR)

and so u € Wrza(f(BR) n W(}‘Q(BR). To prove Proposition 2.2, we have to show
that there exists a constant C' > 0 independent of R and w such that

/ (€327°%* _1)dz < C. (2.18)
Br

‘We have two alternatives:

(I) R < ,3/#. As in particular ||Aul|3 < 1, we can apply Theorem 2.12

obtaining that

2,2
(e327°%® _1)dz < C|Bg| < C)B,
), Yok
II) R> 3/-L. In this case we set
(1) oy

I ::/ (632ﬂ2u2 C1)de, I ::/ (632ﬁ2u2 C)de
B BR\BTO

70

where {/ ﬁ <79 < R, so that

(32 _de =1 + 1.
Br
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To estimate I and I with a constant independent of R and u, we can
use the same arguments as in the proof of Theorem 2.4. It suffices to
notice that the radial lemma (Lemma 2.15) holds for any radial function

in W1 2(R%) and, as u € W01’2(BR), we can extend u to be zero outside
the ball By obtaining that u € W1 2(R%), furthermore:

lwllp, 2(R4) = llellp, 2(BR)

2.3. An Adams-type inequality
for radial functions in W™ = (R")

In this Section we will prove the first part of Theorem 2.4 in the case m = 2k
with k a positive integer and m < n. To this aim a crucial tool is the following
extension of Adams’ inequality to functions with homogeneous Navier boundary
conditions.

Theorem 2.17 ([68]). Let m = 2k with k a positive integer and let Q& C R™,
with m < n, be a bounded domain. There exists a constant Cp, n > 0 such that

sup ebolul ™™™ g < Cm, |

m, Q
weWy ™ (Q), [V7Tul n <1
m

and this inequality is sharp.
We give an alternative proof, following the idea of the proof of Theorem 2.12:

Proof of Theorem 2.17. By density arguments, it suffices to prove that

sup [ T do < i)
w€CF(Q), [[VMmul| n <1 JQ
a

where
CF(Q) :={ueC®(Q)NC™2(Q) | ulpq = Aulpgg =0, 1 <j < k}.

Let u € CP () be such that |[V™u| n = [[A*u||n <1 and set f := AFuin Q,
so that u is a solution of the Navier boundary value problem

Aky = f in Q
u=Au=0 ondQ, Vjec{l,2, ...,k—1} "

We extend f by zero outside Q2

=\ Jf@) zeQ
@)= {o z € R¥™\Q
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and we define

n—m

= (L) B A |f] in RZ™ |

wn—180
so that (—1)*A*% = |f| in R™. By construction @ > 0 in R™ and
Y w7 o
Bofa| i < " (ImxIf in R2™ .
on 1 \ il

To end the proof it suffices to show that w > |u| in Q. Indeed, if w > |ul in
Q, then

n

n zm*\ﬂ)"_’"
e B s wn—1 \ Ifll
/eﬁo‘“‘ dmﬁ/eﬂo‘“l de/e " ( m dx
Q Q

Q

and the last integral is bounded by a constant depending on €2 only, as a conse-
quence of Theorem 2.14 with p = % > 1.
To see that u > |u|, consider the following systems:

Au; =f inQ Au; =u;—1 in Q i {2 ...k}
u1 =0 on O u; =0 on Of)
Awy = (=1)*[f] inQ Aw; =11 inQ
o I(cfl)f A Swm e m ie{2, ..., k}
u = A u on 02 u; = A u on 0
where obviously ur = v and Uy = win Q. Since for ¢ € {1, 2, ...,k — 1} we

have

>0 i
(—1)kAk—ig{ =" PV g
<0 iodd
by finite induction, and with the aid of the maximum principle we can conclude
that @ > |u| in © and this ends the proof. |

Now we begin the proof of the first part of Theorem 2.4. Let u € W::é ™ (R™)
be such that ||u||Wm » < 1. Fixed ro > 0, set

L= /Broqs(gowﬁ) de, D= /W\BTO¢(5O\u|ﬁ)dz
so that
/l%n’¢<50|u|#> de =1 + 1 .

We can notice that the starting point is the same as in the proof of the case
m = 2, n = 4 and, as before, we will show that it is possible to choose a suitable
ro > 0 independent of u such that I1 and Iz are bounded by a constant which
depends on 7o only.

In the estimate of I there are no substantial differences to the case m = 2
and n = 4, we first need a suitable radial lemma, namely an adaptation of [41],
Lemmal.1l, Chapter 6:
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Lemma 2.18. Ifuc W' m (R") then

1\Z
Ml 2
mon |x|n ™

ju(@)] < (

for a.e. x € R™, where oy, is the volume of the unit ball in R™.

Applying this radial lemma and using the power series expansion of the ex-
ponential function we get

jn —1
i 2 (in-1)
(jl - 1)! R\ B,
n
n2m—1) , =1 Bollull 3"
+ oy Y o | <
n—m M . m n—m ™
]*J% (mgn)nfm o
Jn —1
m g jl*l)
< L/ Jul ™ ’(m dz + ¢(m, n, ro) .
(i 1) Jemamy,
To estimate the first term on the right hand side of this last inequality, we need

m, 2

the continuity of the embedding of Wra;l ™ (R™) in suitable LI-spaces:

Lemma 2.19 ([48], Théoreme I1.1). The embedding W::dm (R™) C LY(R™) s
continuous for 7+ < q < +oo.

Now it suffices to notice that " (j% — 1) > = to conclude that Iz <
é(m, n, o).

To estimate I; we apply, as in the case m = 2 and n = 4, Theorem 2.17
to an auxiliary radial function w € ervn, ™ (Br,) with ||Vmw||% < 1 which
increases the integral we are interested in. But the construction of this auxiliary
function is rather difficult with respect to the case m = 2 and n = 4. In fact,
in the case of second order derivatives, we only need to construct an auxiliary
radial function which is zero on the boundary of B;,, while when dealing with
m-th order derivatives, with m > 2, the auxiliary radial function has to be
zero on the boundary of B, together with its j-th order Laplacian for any
jed{1,2, ..., k—1}.

If m = 2k > 2 then for each i € {1, 2, ..., k — 1} we define

gi(|z]) = |z|™—2 Va € By,
m, X
so that g; € W, ;™ (Br,) and

¢ |e|m=20+D)  for j € {1, ..., k—i}

Vz € B
0 forje{k—i+1,..., k) T & Pro

Al g;(|z)) {
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where
J
H n—+m—2(h+1)][m—2G+h—1) vie{l,2, ..., k—i}.

These functions will be helpful in the construction of the auxiliary radial function
w. A similar device was used in [37] to prove an embedding result for higher order
Sobolev spaces, but with another aim, namely to show that a radial function
defined in a ball may be extended to the whole space without increasing the
Dirichlet norm while increasing the LP-norm.

Let
v(|z]) == u(|z]) - Z aigi(|z]) —ax V€ Brg
where
AF=iy(rg) — Y02 4 AFig;(ro)
a; = j=1 7 J vie{l,2, ..., k—1},

Ak=ig(ro)

k—1
ar = u(ro) — Z a;gi(ro) .
i=1

We point out that if m = 2k = 2, namely when we deal with second order
derivatives, then v reduces to

v(|z|) == u(|z]) — u(ro) Vo € By .

n n
By construction v € W;\,n’ ™ (Brg) N w’" ( Byy) and AFy = Ay in By, or

rad
equivalently V™"v = V™u in Br,. Furthermore

Lemma 2.20. For 0 < |z| < rg we have
—_n k-1 1 n
n—m n—m k—j m
< \ (le)( (1 +Cm,n Z ET la*¥=Tuf
To

n

Cm.n n n—m
b, )T o)

A

|u(lal) N

n
m

where ¢m,n > 0 depends only on m and n and d(m, m, rg) > 0 depends only
on m, n and ro.

Proof. To simplify the notations let
g(|z]) - Zalgl |z]) + ak Va € Br,

so that v(|z|) = u(|z|) —g(|z|) for all z € By,. Fixed 0 < |z| < rg, we set r := |z|
and so 0 < r < ro.
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n n
Step 1. We want to dominate |u(r)|»—m with |v(r)|»=™ up to multiplicative
and additive constants depending only on m, n, 7o and g(r), and more precisely
we will prove that

m

n —

77 < ol (14 T ()| ) +
m

(2.19)

m n n
+2n—m (1+ |g(r)|n—m> .
m

n—
To this aim we recall that the binomial estimate
(a+b)7 < a?+ q29 a9 b+ b9)

is valid for ¢ > 1 and a, b > 0. Using the definition of v and applying this
binomial estimate we get

n _n n _m _m P
fu(r) 75 < Jo(r) |75 4 L2 ([o(r) [T g ()] + [g(r)] T )
(2.20)
As Young’s inequality says that
ab < ﬁ(ab)% 2=
n
provided that ab > 0, we can estimate
m m n n  n—m
[o()[7=mlg(r)] < —lu(r)| == |g(r)m + (2.21)

and this together with inequality (2.20) gives (2.19).
Step 2. We have to obtain a suitable estimate for |g(r)|* and in particular
we are interested in the cases o = > and a = —"—, so we will assume that

a > 1. By convexity arguments

| «

k—1
lg(r)|® < 2K DFE ™ Jay| g (ro) 4 2% Hu(ro)|* .
i
We will prove in Step 8 below that
i
jail® <@ > rgt )[R ueo)[T Vet 2 k-1 (222)
j=1

where the constants ¢; > 0 depend on m and n only. As a consequence of (2.22)
we get

k-1 i
gh(a=1+1 52 Z@Tg(m_zj) ‘Ak*ju(ro)‘a + 2 Hu(ro)|* =

gn)e <
i=1 j=1
k—1 ] ) okl
= et Y (G || Y ) 20 o)l =
j=1 i=J

k—1
= MU ST g (AR u(rg) | + 20 u(ro)
j=1
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with

Go=>% Yie{l,2,...,k—1}.

Now the radial lemma, Lemma 2.18, leads to

« E(a—1)+1 1w L a(m=2j—"2Am) g g
= —_— iTo 1, =
lg(r)|* <2 & ATl +
mon = wh m

m

poet (LT L e
mon =t 1l

n
To

(2.23)

Step 3. We have to show that (2.22) holds. We proceed by finite induction
on i. When i = 1, by the definition of a1 and g1 we have
AFR=Tu(rg)
Ak=1gy(ro)

_ 1 ’
= —=
(f~hHe

e :]

«@
Ak_lu(ro)‘

which is nothing but (2.22) provided that ¢; := (clffl)*o‘. We now assume that
(2.22) holds for any j € {1, 2, ..., i} with ¢ € {1,2, ..., k — 2} and we show
that
xS , N
laiz1]® < Gt Zroa(w —9) ‘Ak”u(ro)’
j=1

Using the definition of a;41 and g;+1 we get

ga—1 R a 21(04 1) i o o
laita|* € S ’A v u(ro)‘ k = Z laj|™ ’A i=lg.i(ro)
Cit1 ) Cit
By finite induction assumption and by definition of g; with j € {1, 2, ..., i} we

can estimate

Za (Ak i 5 (10) > < Zch 057171)0‘ Za(it1=h) ‘Ak hu(ro)‘ =

j=1h=1

=S Ak | () =
h=1

i=h

i
T «
= E éhr?)a(”l h) ’Akihu(ro)‘
h=1

with

o
>

[
- k—i—1
S ILTE R
j=h
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In conclusion

lait1]™ ( hmiia 17 B ’A 7l71u(7"0)‘ +
2i(e—1) . 2a(i+1—h _ o
7(& Ty Zchro (i+1 ))Ak hu(m)‘
it+1 h=1

+1

g a

< Cit1 Z rge ’Ak*hu(m)‘
h=1

Step 4. Combining (2.19) and inequality (2.23) with a = —"—_ we obtain
that

R (”

as [|AF =7y

2T g ) + dlom, o).
whoz <1 forje{l,..., k—1} and ||u|
application of inequality (2.23) with a = - leads to

k-1
n 1 . n
W7 <o)l 75 (14 6 o3 A,
0

S < 1. Now, a further

1, +
Jj=1T
Cm n ‘"L
S R
T m
which easily implies the inequality expressed by the lemma. O
Now we define
. k—j I
el = ol (14 e 3 85Tl
j=1Ty
PR, ) e €.
7'-0 W m
Asv e W;\,n’ " (BTO)FTWIZC’l @ (Brg), we have that w € W]Tvn’ 7( o) Z;; @ (Bro)
and from Lemma 2.20 it follows that

—_n__
n—m

+ d(m’ n, TO)

|u(lal)

< fw(lal)

V0 < |z| <rg.
Since

k—1
V™ol = 97l 2 < (1—Z||Ak |

n
o =l
Jj=1 wh

< 3k

3k

~—
33

and the inequality

(1—A¥<1-—gA
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holds for 0 < A <1 and for 0 < ¢ < 1, we have that

).

3B

k-1 . on n
IV™olla < (1 B TN Y R
m n =1 W= m n w>

Therefore
k—1 1
[V™wla = [[V™0l 2 (1+cm . 7||Ak Ju||m nt
Jj=1Tg
Cm n n
+ A E
mk71 . on m n
<(1==> 1A% Tu™ n ——lu|™ )
n =1 W m n W m
Cm,n z
1 Z Ak J m m, m
(14 omn 2] Al

and in conclusion

m s n
V™ w]| 2 <1+ Z (’”7"1 — 2) |AF JUH;;L ot

"o (2.24)

Cm, m TTYLL
+ - — <1
<T0nl ) [lul| 1, S

provided that 7o > 0 is sufficiently large: this is our choice of 79 > 0. In
conclusion

I; < ePod(m,n,mo) eBolwlm=m 4.
< By
and the right hand side of this inequality is bounded by a constant depending
on 7o only as a consequence of Theorem 2.17.

We end this Section with the

Proof of Proposition 2.2. We want to adapt the above arguments to obtain a
proof of Proposition 2.2. The idea is to proceed exactly as in the case m = 2
and n = 4, but for this we have to specify:

e how the radial lemma (Lemma 2.18) can be used to obtain pointwise esti-

mates for w and AJu with j € {1,2,..., k—1},

e how to modify the argument (Lemma 2.19) used in the estimate of Iz to
obtain an uppur bound for the integral

/ | (a1 4 (2.25)
BRr\Bry

independent of u and R.
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Let u € WN rad(BR) with Bg C R™. Since
, 2 1L
Wy ™ (Br) C W, ™ (Bg)

we may extend u by zero outside Bgr, and obtain u € W b m (R™) with

llully,,

vy T Nl 3
Thus we can apply Lemma 2.18 to u.
Similarly, for fixed j € {1, 2, ..., k — 1}, we have
—2j, 1,
Wvan 7™ (Br) C W, ™ (BR)

i ) . . i 1, =
and since AJu € WN raj " (BR), we have in particular AJu € W, ™ (Bg). We
extend AJu to be zero outside B

e AJy  in Bg
7770 in R"\Bg

As Adu € WOL ™ (BR) is radial, we have that f; € wh (R”) and f; satisfies

rad
the assumption of Lemma 2.18. Therefore, for a.e. x € Br we have

m

1 n 1
i(x) < — | f n =
< (s o Il

m

1 n 1 :
= ()" = 1l
mon |z| "™ (BRr)

It remains only to specify how to obtain an upper bound indepentent of u and
R for the integral (2.25). Let u € WN’ ™ (BRr) be such that HuH n <1. As

rad

| AT u(a)]

ueWw Lo (R™), from Lemma 2.18, it follows that there exists r1 = rl(m, n) >0

rad

independent of u and R such that
lu(z)] < 1 for a.e. x € R"\By; .
Therefore for R > r1 we can choose 0 < r1 < rg < R so that
lu(z)] < 1 for a.e. x € R"\ By, ,

n . n
(Jﬂ - 1) > —
n—m \"m m
we obtain that
(1) (1)
/ [u| m dz < / Ju| m dz <
Br\Brg R™ \ By,

S/ lu|m do < 1.
Rn\BrO

To conclude we can argue as in the proof of Proposition 2.2 in the case m = 2
and n = 4, but now the two alternatives that we have to distinguish are R < R
and R > R with R > r; and such that (2.24) holds. O

and since
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2.4. Proof of the main theorem (Theorem 2.1)

Let m = 2k with k a positive integer, m < n and 2 C R™ be a domain. Since
any function u € Wom’ ™ () can be extended to be zero outside © obtaining a

function in (W™ m (R™), || - |lm.n), we have that

. sup o3 (ﬁo\u|"—M) dx <
weWy ' ™ (), [ullm, n <1

< sup /¢<50|u|”—m)dm
weW™ @), [ullm, n<1 "B

and the proof of the first part of Theorem 2.1 reduces to the following inequality
[ 6 (Bolul ™) do < Con Vue W™ EE™, =1 (226)
RVL

for some constant Cy,, n > 0.

Let u € W™ m (R™) be such that ||u]lm,» = 1, then there exists {u;};j>1 C
C§°(R™) such that uj — uwin (W™ w (R™), || llm, ») and lwjllm,n =1V5 > 1.
Therefore u; — u a.e. in R™, up to subsequences, and by Fatou’s lemma

[, ¢ (olul™7) o <timint [ 6 (solus| ™) s

But, for each fixed j > 1, there exists R; > 0 such that supp u; C Bg;, so:

/... (Bolus 77 d””:/BRj & (Bolu |77 ) de

It is clear that if we can bound the integral on the right hand side of this last
equality with a constant independent of j, then the proof of (2.26) is completed
and hence Theorem 2.1 is thus proved. So it suffices to show that there exists a
constant Cm, » > 0 independent of j such that

/B ® (50|uj\7nfm) de < Cm.n  Vi>1. (2.27)
Rj

To this aim, for fixed j > 1, we define
fi = (=A+ Dk
and consider the problem

{(—A +1)fv; = f in B,

m (2.28)
v; € Wi *(Br,)

‘We now apply Proposition 2.8 which leads to a comparison between the integral
in (2.27) and an analogous one involving v;, as pointed out in Remark 2.11. In
this way we obtain the following estimate

‘/BRj ¢(,30|uj|ﬁ> d:tS/BRJ ¢>(50\vj|rnm> da .
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This estimate reduces the proof of (2.27) to the following inequality

/B é <50|Uj|ﬁ> dx < Cm,n (2.29)

Rj

for some constant C, » > 0 independent of j. But, as already noticed in Remark
2.11, v; € Wy ™ (Bg) and by (2.2)

N, rad
[0l m, 2 < ljllm,n = llujllm, =1
Thus (2.29) is a consequence of Proposition 2.2. O

We end the Section with the proof of Proposition 2.3.

Proof of Proposition 2.3. As in the proof of Theorem 2.17, by density arguments
it suffices to prove that (2.4) holds for functions in

C(Q) = {u e Q) NC™2(Q) | ulpo = Alulpo =0, 1<j < k= %} .
Let u € CY(Q) be such that ||ullm,n» < 1. We define

fi=(-A+D*u

and we consider the problem

{(A + Dy =f% inQf (2.30)

ve W 2(9F)
where QFf is the ball in R™ centered at 0 € R™ with the same measure as . Thus,

as (2 is a bounded domain, we can apply the iterated version of the Trombetti-
Vazquez comparison principle (see Remark 2.10) obtaining that

[ 6 (solul ™) dz < [ o (Bolol 77 ) da

and the last integral is bounded by a constant Cy,,» > 0 independent of the
domain 2 as a consequence of Proposition 2.2. O
2.5. Sharpness

We have already mentioned in Chapter 1 that Kozono et al. ([43], Corollary 1.3)

proved that the supremum
sup / 1) (B\u| "fm) dz
]:R‘VL

n
weW™ m (R7), ||ullm, n<1

is infinite for 8 > Bo. To do this they argue by contradiction using Bessel
potentials and the sharpness of Adams’ inequality (1.11), while here we will
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exhibit a sequence of test functions for which the integral in (2.1) can be made
arbitrarily large, if the exponent g is replaced by a number 5 > (.

In the case m = 2 and n = 4, we will consider a sequence of test functions that
was used in [49] to prove a generalized version of Adams’ inequality for bounded
domains in R*. The following Proposition gives the sharpness of inequality (2.1)
in the case m = 2 and n = 4.

Proposition 2.21. Assume that 8 > 32x2. Then, for any domain Q C R*
sup / (eﬁ“2 —1)dz = +o0.
weWg 2(Q), fullz, 4517 %

Proof. Without loss of generality we assume that the unit ball B; C Q. For
€ > 0 we define

J_1_ 5 logl _ ‘xlz + 1 le < %
32m € \/87r2£ log % \/871'2 log é -
1

2r?log log 137 Ye<|zl <1 (2:31)

Ne lz| > 1

ue () =

where 7. € C§°(Q2) is such that
ey o1 e

Nelop, =Neloa =0, BE|8B1*77 3 log =0
v 1/27r210gé v

and 7e, |Vne|, Ane are all O (1/ logé), If 0 < € < 1 then we have that
Ue € WOZ’ Z(Q), easy computations give

1 1
luell3 = o( =7 ), IVuell} = o
log =

log é

1
)7 [Aucl3 =1 +0(@)

1/2
and [lucllz,a = ([|Aucl3 + 2 Vucl3 + lluclg) * = 1 as e — 0F. Now we

normalize ue, setting
- U
e = ———— € WOZ’Z(Q)
||u5||2,4

for € > 0 sufficiently small. Since

1 1 1
e > ———4/=—51log— on Ba,,
° = Hus”2,4 3272 B £ Ve
we have
2 -2
sup /(eﬁu —1)dz > lim (e,BuE —1)da >
weWF 2(Q), lull2, 45172 et o,
1B e L 4 Y
> lim 2n2 (e Tuel? 327 198 2 _ 1) [L}
T e—o0t 4 o

= 400 .
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The test functions u. with € > 0 defined in (2.31) of the above proof give
also the sharpness of inequalities (2.3), (2.4) and (2.5) in the case m = 2 and
n = 4.

We now consider the general case m = 2k < n with k a positive integer. In
this case the sequence of test functions which gives the sharpness of Adams’ in-
equality in bounded domains in [2] gives also the sharpness of Adams’ inequality
in unbounded domains.

Proposition 2.22. Assume that 8 > Bm,. Then, for any domain Q C R"

sup ¢><B|u\"f7ﬂ) dr = 400 .
n Q
™ (), llullm, n<1

s

m
ueW,

Proof. Without loss of generality we assume that the unit ball By C Q. Let
¢ € C*([0, 1]) be such that

$(0) = ¢'0)=--=¢""10)=0,
¢(1) = dM)=1, ¢"M)=--=¢"V1)=0.
F0r0<6<%weset
5¢(§) 0<t<e
t e<t<l—¢
H(t) = l—ep (i) 1-e<t<1
1 1<t

and the choice of 0 < € < % will be made during the proof. We introduce Adams’

test functions L

log Tl
1

log

wr(\wl)::H< ) Ve € R™\{0} .

By construction, for r > 0 sufficiently small, ¢, € Wom’ ™ (Q), ¥(|z]) = 1 for
z € By \ {0}, and Adams in [2] proved that

n n 1 17%
IV el & < wnratm, ) (o5 1) " A,
m T
where
B _ , oA
a(m, n) := =, Ar = Ar(m, n) = |14+ 2e(||¢']|oo + O((log 1/r) ) .
noy’

Easy computations give also that for » > 0 sufficiently small
n 1._n—-m
el = o((1og =)~ "7 )

. n 1._n—-m
||Vj’lbr\\ﬂ=o<(logf) m) Vie{l,2, ...,m—1}.
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Now we define

n—m

ur(al) = (log =) 7 -wrllal) Ve eR"\{0}.

We can notice that for » > 0 sufficiently small u, € W(;n’ E(Q)7 ur(|z|) =

n—m

(log %) "™ for z € By \ {0} and

n n n ) n
e 13 < Nl + e (| + S (99 3) <
m m = m

< wpo1am (m, n)(Ar +o(1))

so in particular

7 m

a7 < g a2 m, ) (A +0(1) 72 = 22 (4, 4 o)) 72

Therefore, for » > 0 sufficiently small, we have

n
sup ¢ (Blul ™) do >
wew, Q). ullm, n <1

. |UT‘ nfm)
> lim Bl———— dx
r—0+ qus( <||U'er n>

> lim onqﬁ(

+
o l[wr [l

logr (n )
|Iuer "

> lim ope
r—0+

If we choose 0 < € < % so that

Bo < Bo(1+2el|¢/||zm) =™ <8
then

lim (n_#)gn(l— ’ Ay )<0
Lo Al Bo(1+2¢l|¢/[| 32 )=

llwr (I
log (nf#n)
| n—m

lurlli "/ = foo

and

lim one
r—0

O

The same proof gives also the sharpness of inequalities (2.3), (2.4) and (2.5)
in the general case m = 2k < n with k a positive integer.






CHAPTER 3

Consequences of the Adams-type inequality in R*

In view of applications to biharmonic equations in R4, in order to simplify the
notations, we will write H2(R*) instead of W2 2(R*) and we will denote by
Il -l 72 the Sobolev norm

ullfz = (= + Dull3 = | Aull + 2| Vull3 + [lu]3  Vue H*(R?).

In this Chapter we will prove some direct consequences of the Adams-type
inequality in R* (Theorem 2.1),

sup / (6327r2142 —1)dzr < +o0, (3.1)
u€H2(RY), [|ull y2 <1 /R4

which will allow us to study biharmonic equations in R* involving nonlinearities
with exponential growth.

We point out that (3.1) holds also if we replace the Sobolev norm || - || g2
with the equivalent norm

lull}, = I(=A+ rDull3 = | Au|f + 72| Va3 +7llulld) Vue H*(R?)

where 7 > 0. In fact, carefully reading the proof of (3.1), we can notice that the
value 7 = 1, appearing in || - [|[g2 = || - [|g2,; as a multiplicative constant for
the L2-norm of the gradient and for the L?-norm of the function itself, does not
play any role and can be replaced by any 7 > 0. Hence we have indeed that the
following inequality holds

sup / (832"2“2 —1)dz < +o0 (3.2)
u€H2(RY), |lull g2 ,<1/R

where 7 > 0 is arbitrarily fixed. Consequently, for fixed a, b > 0, we have also
that

sup / (632”2"2 —1)dz < +o0 (3.3)
u€H2(RY), |ull g2 , ,<1/R?
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where
lulla 4 p = 1Au]3 + al| Vull3 +bllul3  Vue H*(RY).

In fact, setting 7 := min {%, \/B}, it suffices to notice that

2 (4
lullg2, + < llullpg2,q,p Vo€ HY(RY).

In [49], G. Lu and Y. Yang proved the following Lions-type concentration-
compactness result

Lemma 3.1 ([49], Proposition 3.1). Let Q be a bounded domain in R*. Let
{un}n C HZ(Q) be such that ||Aunll2 =1 for anyn > 1 and up — u in HZ(Q).
If ||Aul|2 < 1 then

2 3272
sup/ ePUn dr < 400 Vp € (0, 7> .
n Jo 1- ”Aqu

Due to additional informations about the sequence, the exponent p appearing
in this concentration-compactness estimate is above Adams’ sharp exponent,
see inequality (1.11), provided ||Aull2 # 0. Now, we will establish a version of
Lemma 3.1 for the whole space R*.

Lemma 3.2. Let X C H2(R*) be a Hilbert space endowed with the norm | - |.
Let {un}n C X be such that |un| =1 for any n > 1 and let uw € X be the weak
limit of {un}n in X. If |u| <1 and

. 2 . 2
— < — .
ngr-{loo Hun u||H2 - ngrﬁl}oo |un u| (3 4)

then

32m2
sup/ (ep“i —1)dz < +o00 Vp € (0, L) .
n R4 1— ‘U/lz

Proof of Lemma 3.2. We first consider the case u = 0. If pllun| g2 < 3272, at
least for any n sufficiently large, then nothing needs to be proved because of the
Adams-type inequality (3.1).

From (3.4) it follows that

. 2
im a2 <1,

therefore for any € > 0 there exists n. > 1 such that
||un||?{2 <l4+e Vn2>ne
and, since p < 3272, there exists € > 0 such that
pH“n”?{z <3272 Vn>n..

Now, we consider the case u # 0. Since, for arbitrarily fixed € > 0, the
inequality

a? < (1+e)(a—b)?+ (1+Ei2) b2 (3.5)
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holds for any a, b € R, for any € > 0 we have that
1
ui§(1+52)(un7u)2+(1+8—2)u2 Vn>1
and hence

/ (epui —1)dz < / (ep(1+62)(un—u)2ep(l+s%)“2 - 1) dz  VYn>1.
R4 R4

Using Young’s inequality,

1 1
ab—1< ~(a?—1)+ — (% 1)  Va,b>0, Vg>1 (3.6)
q q
where % + % =1, we get for ¢ > 1 and for any € > 0:
(epui —1)dz < l/ (epq(1+52)(un7u)2 — 1) dx+
R4 q Jr4
1 ’ 1 2
+= (epq (1+)w 71) dz Yn>1.
q Jra

Therefore if we prove that for some g > 1 and for some € > 0

Tf = [ (ert0FNm0’ ) de <o e,
n - = -
where C' > 0 is a constant independent of n, then we obtain the desired inequal-
ity. For any n > 1 we can notice that

2
paC+e) fun =l (e )
IZ’E:/ (e H2 \ Tun—ull g2 —1)dz<C
R4

provided that
pa(1 + &2)|jun — u||§{2 < 32n2 (3.7)
at least for any n > 1 sufficiently large, and thus to conclude it remains only to
prove the existence of ¢ > 1 and ¢ > 0 such that (3.7) holds. Since up, — w in
X and |up| =1 for any n > 1, we have that
lim  |up —ul? =1—|ul?.
n—-+oo

Consequently

: 2 2
imllun = ull3s <1 Jul

2
13_2|’L‘2 , we get the existence of o > 0 such that

pHun—uHiﬂ < p(1 = |u?)(1 + o) < 3272 Yn>7n

and, using the fact that p <

where @ > 1 is sufficiently large. Therefore choosing g > 1 sufficiently close to 1
and ¢ > 0 sufficiently close to 0 we have

pg(1 + &2)|Jun — uHiﬁ <32n% Vn>m.
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Remark 3.3. We point out that, as a direct consequence of Lemma 3.2, we
have indeed a Lions-type concentration-compactness result in (H2(R*), ||-|| g2)-

Now we introduce the subspace E of H2(R*) defined as
E := {u € H2(R*) | / V(z)u?de < +oo}
R4
where V : R* — R is a continuous function bounded from below by a positive
constant, namely V' satisfies
(Vo) V: R* = R is continuous and V(x) > Vo > 0 for any = € R*.
From (Vp), it follows that E is a Hilbert space endowed with the scalar product
(u, vy := / AulAvdz + V(z)uv dz u, v € E
R4 R4

to which corresponds the norm |ju|| := +/(u, u). Applying an interpolation
inequality, it is easy to see that the embedding F — HZ(R*) is continuous.

Since our aim is to study biharmonic equations in R* which can be treated
variationally in E, we will need the following consequence of Lemma 3.2 for the
space (E, |- )

Lemma 3.4. Assume (Vo). Let {un}n C E be such that ||un| = 1 for any
n > 1 and let u € E be the weak limit of {up}n in E. If |Jul]| < 1 and un — u
in L2(R*) then

32m2
sup/ (ep“i —1)dxr < 400 Vpe€ (0, 77r) .
n Jra 1 — [Jul|?

Proof. The strong convergence u, — u in L? (R4) together with the following
interpolation inequality

19 (un — w13 < ClAun - wllzllun — ull2 < Cllun —ull2 ¥n>1,

where C, C' > 0 are constants independent of n, leads us to conclude that

li —ul|?, = i Aup —u)||3 < i —ul)?.
LAm lun —ullye = lim [[Aun —w)llz < L flun — uf
The proof is complete in view of Lemma 3.2. O

Let
HE (R := {u € HF(RY) | u(z) = u(|z|) ae. in R*}

rad

with k& > 1, we recall the radial lemma

Lemma 3.5. For any u € H! ,(RY)

a

1 1
lu(z)] € — —5|jullgr  a-e in R* (3.8)
Var? g3
where || - || g1 is the standard Dirichlet norm, namely Hquql = || Vaul|2 + ||lul|2

for any u € H' (RY).
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Let
Eraa := ENH2  (RY) = {u € H2 4 (RY) | / V(z)u? de < +oo} ,
R4

we have the following result

Lemma 3.6. Assume (Vo). Let {un}n C Epqq be such that ||un|| = 1 for any
n>1 and let u € E,4q be the weak limit of {un}n in E. If 0 < ||lu||? < 1 then

3272
sup/ (ep“i —1)dz < 40 Vp € (0, 7#) .
n Jgra 1—ull?

Proof. The idea is to follow the proof of [63], Theorem 1.4 which is based on
the techniques introduced in [61]. Let R > 0 be arbitrarily fixed, we split the
integral into two parts

/4(epui —1)dz = /4 (epu?l —1)dz + (epu?L —1)dx Yn>1.
R R4\Bpgr Bgr

Applying the radial lemma (3.8), we can estimate

Ve
/ (ep“% —1)dz < L or?Riesmr ¢ wn >1
R4\Bp Vo

where C' > 0 is a constant independent of n. Therefore to end the proof it
remains only to show that

322
sup (epui —1)dz < 40 Vp € (0, 771-2) . (3.9)
n JBg L= lull

Applying inequality (3.5) with a = up and b = u — u(R) + un(R), observing
that using convexity arguments and the radial lemma (3.8) we have

b2 < 22(|uf + [u(R)P + [un(R)?) < 2°(luf® + C(R)) ,

for any € > 0 we obtain the following estimate
1
up < (14 +22 (1 + ?) (lu® +C(R)) vn>1

where

v = ([un — un(R)] — [u —u(R)]) € H2 4(Br) N H{(Br) Vn>1.

rad

Now, applying the Young’s inequality (3.6), we get for any € > 0

(@2 —yde< 2 [ (PaO+e0E 1) dast
Bg q.JBg
1 162 R
+— [ (7 (1+2)C TCE) _1yde wn>1

q /By
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where 1 < g, ¢ < +o0, % + % = 1. As a consequence of the Adams’ inequality

with zero Navier boundary conditions (see Theorem 2.12), we have

sup/ P10+ 1) dp < 4oo
Br

n

provided that
pa(l+ )| Avn |3 <3272 v >7 (3.10)
with m > 1 sufficiently large. Therefore if we prove that for some ¢ > 1 and

€ > 0 inequality (3.10) holds for any n > 1 sufficiently large then (3.9) follows
and the proof is complete. But, since by construction

[Avn )3 = [AGun = w3 < llun —ul®* Vn>1,
passing to the limit as n — +o0o0 we obtain

. 2 2
m A <1-—
li II U’ﬂ”2 <1 ”u”

and choosing ¢ > 1 sufficiently close to 1 and ¢ > 0 sufficiently close to 0 it is
easy to see (as in the proof of Lemma 3.4) that (3.10) holds at least for any
n > 1 sufficiently large. |

In the proof of the next result we will use the following

Lemma 3.7 ([31], Lemma 2.2). Let o > 0 and r > 1. Then for any 8 > r
there exists a constant C(B8) > 0 such that

(e“sz - 1>T <c(B) <e“ﬁ52 - 1) VsER .

For a proof of Lemma 3.7, the reader is referred to the proof of Lemma 2.2
in [31].

Remark 3.8. As a consequence of Lemma 8.7 and Hélder’s inequality, it is

easy to see that if oo > 0 and q¢ > 1 then the function |u|‘1(e‘“‘2 — 1) belongs to
LY (R*) for all uw € H?(RY).

Lemma 3.9. Let o > 0 and ¢ > 2. If M > 0 and aM? < 3272 then there
exists a constant C(a, q, M) > 0 such that

(e = Dl de < Con 0. M)l (3.1)

holds for any u € H?(R*) with |lu|| g2 < M.
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2
Proof. As aM? < 32m2, there exists r € Rsuch that 1 < r < ii&z Furthermore
there exists § € R such that

3272
alM?

1<r<B<

and in particular aM? < 3272. Let u € H?(R*) be such that ||ullgz2 < M,
then by Lemma 3.7 it follows that

/ (e2"* —1)" dz < CO(a, M)/ (ePv* 1) dz < C(a, M)/ (eBM*@® _1) gy
R4 R4 R

4

. Therefore

/ (2% — 1)" dz < C(a, M) (3.12)
R4

as a consequence of the Adams’ type inequality (3.1).
Now, applying Hélder’s inequality with % + % =1 and (3.12), we get

/ (e = D)[u|? dz < [[ul2,, (/ (e — 1>sz) < Cla, M)|full?,,
R4 ar R4 "

and (3.11) follows easily as gr’ > 2 and the Sobolev embedding theorem states
that H2(R*) is continuously embedded in LP(R*) for any p € [2, +00). O

Lemma 3.9 is a generalization of Lemma 2.4 in [31] for second order deriva-
tives. We will also use the following version of Lemma 3.9.

Lemma 3.10. Let o> 0,7 > 1 and ¢ > 2. If M > 0 and arM? < 3272 then
there exists a constant C(a, 7, ¢, M) > 0 such that

- a
[ = 0 do < o g, 3l (3.13)

holds for any u € H?(R*) with ||lu|| g2 < M.
Proof. As arM? < 3272 there exists 8 > 7 such that a8M? < 3272. Let

u € H2(R*) be such that |lul g2 < M. As in the proof of Lemma 3.9, applying
Lemma 3.7 and the Adams’ type inequality (3.1), we get

/ (e‘m2 —1)"de < C(e, 7, M) .
R4
Now
1
. 3 a a
Lo = vitar< ([ e = vrae) "l < VOl

and this ends the proof, in fact (3.13) follows by the Sobolev embedding theorem.
O






Part 11

Applications to elliptic and
biharmonic equations






CHAPTER 4

Elliptic and biharmonic equations with exponential
nonlinearities

Elliptic and polyharmonic equations with critical growth nonlinearities have been
widely investigated in the last decades. In dimension n > 2k with k£ € N, the
critical growth for problems of the form

(-AY*u = f(z,u), inQCR" (4.1)

is given by the Sobolev embeddings. While equations with subcritical growth
are solved by standard variational methods, equations with critical growth need
more specific methods due to the loss of compactness. While the situation in
dimension n > 2k is by now well understood, the case n = 2k is quite different,
and there are less results available. In this case the natural space for a variational
treatment of problems of the form (4.1) is the Sobolev space H* and n = 2k
is the limiting case for the corresponding Sobolev embeddings. Therefore the
notion of critical growth for such problems is governed by the Trudinger-Moser
and Adams inequalities introduced in Part I. In what follows we will consider
elliptic and biharmonic equations in the whole space R? and R*, respectively,
involving nonlinearities with exponential growth.

In this Chapter we firstly give a review of past developments in the study of
elliptic problems in R? with nonliearities having an exponential behaviour. In
particular, we focus our attention on results concerned with a mountain pass
characterization of ground state solutions, that we will treat in Chapter 5 for
a particular nonlinear scalar field equation. Secondly, after having specified
the notion of exponential critical growth for problems which can be treated
variationally in the Sobolev space H? (R4), we will introduce the biharmonic
problems that we will study in Chapter 6 and 7.

The problem of loss of compactness

The problem of the loss of compactness in the Sobolev spaces has been exten-
sively studied in the last decades. In particular, it is well known that, given a
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bounded domain Q C R", for 1 < p < n the subcritical embeddings

W P(Q) v LI(Q)  with 1 <q < — 2
are compact and this implies that the supremum
Sp,q(R2) == sup / |u|? dz
ueW P(Q), | Vullp<1 7L
is attained. Instead in the critical case, namely for p* := n"—_’;), the embedding

Wy P(Q) < LP™ ()

is no longer compact and this loss of compactness is at present well understood.
Moreover the supremum

Spyp () 1= sup [t do
ueWy P(Q), | Vulp<1 /L

is independent of the domain Q2 C R"™ and is never attained for any domain
different from R"™. More precisely, for any Q C R™

Sp, p* Q) = Sp, p* (R™)

and Sy p* () is attained only for Q = R™.
On the other hand if we look at the Trudinger-Moser embeddings

n .
T <40 fa<a
Ch,a() = sup / elul ™t dx{ o=
weWd ™ (), |Vulln <179 =400 ifa>an,

where 2 C R™ is a bounded domain, in the subcritical case, namely when « €
(0, an), it is easy to see that the supremum Cp, «(€2) is attained, and in the
critical case we have the following surprising result due to L. Carleson and
S. Y. A. Chang [20] which is in striking contrast with the Sobolev case

Theorem 4.1 ([20]). Let Q := By C R™ be the unit ball in R™ then the supre-
mum Chn, a, (B1) is attained.

After the celebrated paper [20], M. Struwe [66] proved that the supremum
Ch, o, (Q) is attained for domains Q@ C R™ which are close to a ball in measure
and M. Flucher showed that this is indeed true for any bounded domain © C
R2. Finally K. C. Lin [47] extended these results for smooth domains in all
dimensions.

Concerning the supremum

= if a < an,
D"7 Q(Q) = sup /(ealu| T 1) dx {< 400 1 a s On
weWy (@), llully1,n <179 =400 ifa>an,

B. Ruf [61] proved that D 4,(Q) is attained on balls and on R?, namely in
the cases @ = Br C R? and Q = R?, and subsequently Y. Li and B. Ruf [44]
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showed that Dy q,, (R™) is also attained in any dimension n > 2. The question,
whether or not Dy, «,, () is attained for general domains © C R", is still an
open problem in any dimension n > 2.

In the case of higher order derivatives there is a long way to go yet. At our
knowledge, the only result that has already been proved is due to G. Lu and
Y. Yang [49]. More precisely in [49] the authors proved that the supremum

2 2

sup /632" “dx
2,2

weWG *(Q), [ Aull2<1 7€

is attained for any smooth bounded domain Q C R*.

Elliptic problems with critical growth

Problems involving critical growth in second-order elliptic equations in bounded
domains of R™ with n > 3, i.e.

—Au=f(u) inQCR", (4.2)

have been extensively studied starting with the celebrated result due to H. Brezis
and L. Nirenberg [17]. In dimension n > 3 and in the case when the nonlinear-
ity f has critical polynomial growth, the functional associated to a variational
approach of problem (4.2) reveals a loss of compactness, in fact at certain levels
the Palais-Smale compactness condition fails. To overcome this difficulty, in [17]
the authors uses special sequences of functions to show that the critical levels of
the functional avoid these noncompactness levels. These sequences are obtained
from the maximizing sequence for

* 2
S22+ (Q) 1= swp [ e, 2= 2
weHL(Q), [ Vul2<1/0 n—2

and are explicit concentrating functions converging weakly to zero.

Let © C R?, in dimension n = 2 the critical growth is given by the well known
Trudinger-Moser inequality (see Theorem 1.1 and Theorem 1.3). The Trudinger-
Moser embedding is critical and involves a lack of compactness similar to that
of the Sobolev embeddings in dimension n > 3.

Exploring the approach introduced in [17], Adimurthi et al. in [3], [4], [6]
and [5] obtained the solvability of second-order elliptic equations in bounded
domains ©Q C R? involving subcritical and critical nonlinearities. In the critical
case, one again finds levels of noncompactness; however, due to the fact that the
best constant

2
C2,47(Q) := sup /647” dx
uw€Hg, |Vull2<1 /2

is attained, there is no natural concentrating sequence to be used to show that
these levels are avoided. Thus, it is difficult to obtain optimal existence results.
The sequence used in [3], [4], [6] and [5] is the so-called Moser’s sequence which
was proposed by Moser in [50] to prove that the inequality (1.3) is sharp with
respect to the constant 47 in the exponent.
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Later D. G. de Figueiredo, O. H. Miyagaki and B. Ruf [28] improved the
existence conditions in [4] and extended the result to more general nonlinearities.
Motivated by the Trudinger-Moser inequality, the authors in [28] introduced the
notion of critical exponential growth as follows. A nonlinearity f : R — R has
subcritical exponential growth if

6]

|s|—+o0 eas?

=0 Ya>0,

while f has critical exponential growth if for some ag > 0

lim If(s)] _JoO for a > ag ,
|s|5+oo e@s?2 | 4oo for a< ag.

Among the subsequent works, concerning elliptic equations in bounded do-
mains of R?, we mention in chronological order [27], [18], [51] and [29].

Nonlinear scalar field equations
In the study of nonlinear scalar field equations of the form
—Au =g(u) in R", (4.3)

independently of the subcritical or critical behaviour of the nonlinearity, we have
to tackle the problem of the loss of compactness due to the unboundedness of
the domain. Problem (4.3) has been widely investigated starting from the fun-
damental papers due to H. Berestycki and P. L. Lions [15] and to H. Berestycki,
T. Gallouét and O. Kavian [14]. We recall that these papers are both concerned
with subcritical nonlinearities, in particular in [15] the authors treated nonlin-
earities with subcritical polynomial growth, while in [14] the authors treated
nonlinearities with subcritical ezponential growth. From now on, we will focus
our attention in the case when the nonlinear term is of exponential type, since
one of our aims is to study problem (4.3) with a nonlinearity exhibiting a crit-
ical exponential growth. To be more precise, in Chapter 5, we will study the
following nonlinear scalar field equation

—Au+u = f(u) in R? (4.4)

in the case when the nonlinearity f has critical exponential growth.

The study of this kind of problems is motivated by applications in many areas
of mathematical physics. In particular, these problems appear in the search for
stationary states in nonlinear Klein-Gordon equations,

¢

22 Ap+V(z)p = f(¢)
where ¢ : RxR? = C, ¢ = ¢(t,z) and V : R?Z —» R, V = V(z) is a given
potential. Also, solutions of (4.4) provide stationary states for the nonlinear
Schrédinger equation

i— —A¢+V(x)p = f(¢)
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where ¢: RxR2 = C, ¢ =¢(t, z) and V: R2 - R, V = V(x).
Searching for stationary states for both the nonlinear Klein-Gordon and
Schrodinger equations is equivalent to solve

—Au+V(z)u= f(u) in R?.

If the potential V' is constant and V' (z) = 1 for any = € R? then this last equation
is nothing but (4.4) and, from a variational point of view, the energy functional
associated to (4.4) presents a loss of compactness due to the unboundedness
of the domain R?. But, if the potential V is not constant and satisfies suitable
assumptions then this loss of compactness can be overcome. For existence results
concerning potentials bounded away from zero and large at infinitiy, in the case
when the nonlinear term f has a critical exponential behaviour, we refer the
reader to the paper of J. M. do O, E. Medeiros and U. Severo [31], and the
references therein.

A first result concerning the existence of solutions of problem (4.4), in the
case when the nonlinearity f has critical exponential growth is due to D. M. Cao.
[19]. Our aim is, indeed, not only an existence result, but to obtain a mountain
pass characterization of ground state solutions of problem (4.4). Denoting I :
H? (RZ) — R the natural functional corresponding to a variational approach to
problem (4.4)

1

I(w) = 5/]122(|Vu\2+u2)dxf/RQF(u)dm:

1
= f/ |Vu|2d;r—/ G(u) dx
2 Jgr2 R2

where

S S
F(s) := / f(®)dt and G(s):= / g(t)dt,
0 0
we recall that a solution u of problem (4.4) is a ground state if I(u) = m with
m:=inf {I(u) |u € HY(R?)\ {0} is a solution of (4.4)} .

In [40], L. Jeanjean and K. Tanaka enlighten a mountain pass characterization
of ground state solutions of the more general nonlinear scalar field equation (4.3)
in the case when the nonlinearity g (not necessarily of the form f(s) — s) has a
subcritical exponential growth.

Theorem 4.2 ([40]). Assume

(90) g: R — R is continuous and odd;

(g1) lim 9(s) =—-v<0;
s

s—0
(g2) for any a > 0 there exists Co > 0 such that |g(s)| < Cecs’ for all s > 0;

(g3) there exists so > 0 such that G(sg) > 0.
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Then the functional

I(u) := %/]RZ |Vu\2d:z—/]Rz G(u) dx

is in C1(H'(R?), R) and has a mountain pass geometry. Moreover the mountain
pass value
c:= inf max I(v(t)),
Inf max (v(®))

where
r:={yec(o, 1, H'(R?)) | v(0) = 0, v(1) = ug € H'(R*)}  with I(up) <0,

is a critical value and
0<c=m.

Later in [10], C. O. Alves, M. Montenegro and M. A. S. Souto improved
the arguments in [40] obtaining, under suitable assumptions (see Chapter 5,
Theorem 5.2), a mountain pass characterization of ground state solutions of
problem (4.4) in the case when the nonlinearity f exhibits a critical exponential
growth. In Chapter 5 (see Theorem 5.1), we will follow the ideas introduced in
[10] to obtain a similar result in the case when

f(s) = Asedms? Vs eR

with 0 < A < 1. We will also prove (see Theorem 5.3) that the result of Alves,
Montenegro and Souto still holds under the classical assumption

lim s/(s)

|s|—+oo edms?

> po>0,
introduced by D. G. de Figueiredo, O. H. Miyagaki and B. Ruf in [28] (see also
(31)).

Biharmonic problems with critical growth

Recently, due to applications of higher order elliptic equations to conformal
geometry, there has been considerable interest in the Paneitz operator which
enjoys the property of conformal invariance. In R*, the Paneitz operator is
the biharmonic operator A2 where A is the Laplacian in R*. The study of
superlinear problems involving powers of the Laplacian started with the works
[34], [33] of D. E. Edmunds, D. Fortunato and E. Jannelli, and [57], [58] of
P. Pucci and J. Serrin. We refer the reader to the paper [12] and the references
therein for various results on the polyharmonic operator.

The Adams-type inequality in R* expressed by Theorem 2.1 (see also (3.1) for
easy reference) will be a fundamental tool in the study of biharmonic problems
of the form

A%u + V(z)u = f(u) in R* (4.5)

in the case when the nonlinear term f exhibits an exponential growth. We recall
that equations of the form

A%u+ V(z)u = f(z, u) in R"
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with n > 5 and involving nonlinearities with polynomial growth, have been
studied in [23], [9] and [8].

The natural space for a variational treatment of problem (4.5) is the Sobolev
space H2 and R* is the limiting case for the corresponding Sobolev embeddings.

Indeed, for R* the notion of critical growth is given by the Adams-type inequality

fi < 3272
sup / (6au2 “1)dz < +oo for a< 7r2 ,
u€H2(RY), ||ul| o <1 /R4 =400 for a> 3277,

where ||u||i12 = (A + Dul|2 = |Au||3 + 2||Vu||2 + ||u]|2. In view of this
inequality it is natural to say that a nonlinearity f has subcritical exponential
growth if

im YO o vaso,

|s| =400 eors?

while f has critical exponential growth if it behaves like e@0u? ag |s| = +o0 for
some g > 0, namely if there exists ag > 0 such that

1£(s)] {o if o > ap,

lim = = .
|s| =400 exs 4o fa<ag.

We will always assume that V' is a continuous positive potential bounded
from below by a positive constant, more precisely

(Vo) V : R* = R is continuous and V(x) > Vo > 0 for any x € R?,

and we will handle problem (4.5) by means of a variational approach.

Assuming (Vp) and some symmetry conditions on the potential V', in the
case when the nonlinearity f has subcritical exponential growth we will obtain a
multiplicity result for problem (4.5) (see Theorem 6.3, Theorem 6.4 and Theorem
6.5), while in the case when the nonlinearity f has critical exponential growth
we will obtain the existence of a nontrivial radial solution of problem (4.5) (see
Theorem 7.3). We point out that in both these results the potential V' is allowed
to be constant, hence in particular for the biharmonic problem

A%y + Vou= f(u) in R*,

where Vg > 0 is a positive constant, we will obtain a multiplicity result in the case
when the nonlinear term f has subcritical exponential growth and the existence
of a nontrivial radial solution in the case when the nonlinear term f has critical
exponential growth.

Finally, assuming (Vp) and that the potential V' is large at infinity, if the
nonlinearity f has critical exponential growth we will obtain the existence of a
nontrivial solution of problem (4.5), see Theorem 7.1.

In view of the Adams-type inequality (3.3) with the modified norm [|-[| g2, 4,
for some a, b > 0, the methods of proofs adopted to study equation (4.5), both
in the case when f exhibits a subcritical and critical exponential growth, apply
to

A2y — div (U(z)Vu) + V(z)u = f(u) in R*

where U, V : R* — R are continuous and positive functions satisfying suitable
assumptions, see Theorem 6.14 and Theorem 7.15.






CHAPTER D

An elliptic equation in R? with exponential critical
growth: ground state solutions

This Chapter is concerned with the existence of solutions of a nonlinear scalar
field equation of the form

—Au =g(u) in R?
{u € Hl(‘]lq%(z)) (5-1)

and in particular we will study the following problem

—A — : ]RZ
uJ;u2 f(u) in (5.2)
u € H'(R?)
which is nothing but problem (5.1) with g(s) := f(s) — s.
We recall that the natural functional corresponding to a variational approach
to problem (5.2) is the functional I : H'(R?) — R defined as follows

1
I(w) = E/RQQVU\Q+u2)dx—/RzF(u)dx:

= l/ |Vu|2dm—/ G(u)dz
2 Jgr2 R2

F(s):= /05 fit)dt and G(s):= /05 g(t)dt .

We will say that I has a mountain pass geometry, if the following conditions
hold:

(Io) 1(0) =0;

where

(I1) there exist o, a > 0 such that I(u) > a > 0 for any u € H'(R?) with
lullg: = o;
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(I2) there exists ug € H'(R?) such that |lug|| g1 > ¢ and I(ug) <0 .

. . . . 2
Our main result is concerned with the particular case when f(s) = Ase?™*

where 0 < A < 1.
Theorem 5.1. Let 0 < A < 1 and let

f(s) == Asedms® VseR . (5.3)

Then I € C'(H'(R?), R) has a mountain pass geometry, the mountain pass
value
c:= inf max I(v(t)),
Inf max (v())

where
I:={yec(o, 1], H (R?) | v(0) = 0, v(1) = uo € H'(R*)}  with I(uo) <0,
is a critical value and gives the ground state level, namely 0 < ¢ = m where

m :=inf {I(u) | u € H(R?)\ {0} is a solution of (5.2)} .

We also give a mountain pass characterization of ground state solutions of
problem (5.2) in the case when the nonlinearity f satisfies the following assump-
tions:

(fo) f: R — Ris continuous and has critical exponential growth with ag = 47,

ie.
lim [f(s)| _)oO if « > 4m,
|s|>+oo e@s? | 4oo if a < 4w
- fls)
(f1) sl%T_D’

(f2) there exists p > 2 such that 0 < uF(s) < f(s)s for any s € R\{0} .

In [10] the authors obtained a mountain pass characterization of ground state
solutions of problem (5.2) assuming the further assumption on f

(fn) there exist A > 0 and q € (2, +0c0) such that f(s) > As?~! for all s > 0.
More precisely they prove

Theorem 5.2 ([10]). Assume (fo), (f1) and (f2). Assume also that (fx) holds
with
9 9=2 q
_ T q
A> (q—) c? (5.4)
q
where Cq > 0 is the best constant of the Sobolev embedding H'(R?) «— LI(R?),
namely
Collull§ < llulFy,  Yue H'(R?).

Then the mountain pass value c is a critical value and gives the ground state
level, namely
O0<c=m.
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Indeed in [10] the authors proved that Theorem 5.2 holds assuming, instead
of the Ambrosetti-Rabinowitz condition (f2), the weaker assumption:

(f5) f(s)s >2F(s) >0 for all s € R.

In the present paper, we need to assume the Ambrosetti-Rabinowitz condition
(f2) only to prove that the functional I behaves like a mountain pass and more
precisely to prove that I satisfies (I2).

Replacing assumption (fy) with the following more natural assumption

(fs) tim )

|s|—+oo edms?

> fBo>0

we obtain the same result as in Theorem 5.2.

Theorem 5.3. Assume (fo), (f1), (f2) and (f3). Then I € CL(H'(R?), R) has
a mountain pass geometry, the mountain pass value c is a critical value and

O0<c=m.

We recall that assumption (f3) for bounded domains was introduced in [28] to
obtain an existence result for elliptic equations with nonlinearities in the critical
exponential growth range in bounded domains of R2. In a subsequent paper, [31],
(f3) was taken into account to prove an existence result for analogous equations
in the hole space R2.

To prove Theorem 5.1 and Theorem 5.3 we will follow the methods used in
[10] which are based on the ideas introduced in [40] to obtain the following result

Theorem 5.4 ([40]). Assume

(90) g: R — R is continuous and odd;

. ogls) .
(91) 91%?— v<0;

(g2) for any a > 0 there exists Co > 0 such that |g(s)| < Coeos’ for all s > 0;
(g3) there exists so > 0 such that G(so) > 0.

Then the functional

I(u) := %‘/R? |Vu\2dx7/R2 G(u)dx

is in CL(H'(R?), R) and has a mountain pass geometry. Moreover the mountain
pass value ¢ is a critical value and

O<c=m.
In the proof of Theorem 5.4 a key argument is the existence of a solution

of problem (5.1) given in [14]. In [14] it was shown that under the assump-
tions (go), (g1), (92) and (g3) the nonlinear scalar field equation (5.1) possesses
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a nontrivial ground state solution by means of the constrained minimization
method

inf{%/Rz IVul? de | u € H'(R)\ {0}, /W G(u)da::O} .

The main difficulty highlighted in [10] for the proof of Theorem 5.2 is indeed to
show that the infimum

A inf{%/RQ Vul?dz | u € H'(R?)\ {0}, /RQ G(u)dm:O}

is achieved, provided that (fo), (f1), (f2) and (f)) with A > 0 as in (5.4) hold.
Therefore we point out that, following [10], as a by-product of the proofs of
Theorem 5.1 and Theorem 5.3 we have

Proposition 5.5. Assume either f is of the form (5.8) with 0 < XA < 1 or
assume (fo), (f1), (f2) and (f3). Then A is attained and the minimizer is,
under a suitable change of scale, a solution of problem (5.2). In particular
m < A.

This Chapter is organized as follows. In Section 5.1 we show that the func-
tional I has a mountain pass geometry and in Section 5.2 we introduce some
preliminary results. In Section 5.3 we obtain a precise estimate for the mountain
pass level ¢ that will enable us to prove, in Section 5.4, Proposition 5.5. Finally
in Section 5.5 we prove the main theorems, Theorem 5.1 and Theorem 5.3, and
the following

Proposition 5.6. Assume either f is of the form (5.8) with 0 < XA < 1 or
assume (fo), (f1), (f2) and (f3). Then the minimizer u € H'(R?) of A is a
ground state solution of problem (5.2), that is m = A.

5.1. Mountain pass geometry

If fis as in (5.3) with 0 < A < 1 then fixed ¢ > 1 we have the existence of two
constants ¢y, cg > 0 such that

f(s) <cis+ cg\s\q(e4”52 -1) Vs eR . (5.5)
Since in this case N
F(s)= ~ (4" —1)  VseR,
8w

fixed ¢ > 2 we have that for any € > 0 there exists a constant C(g, €) > 0 such
that

F(s) < (% + a) s2+C(q, )lsl9(e?™” —1)  VseR. (5.6)

We can notice that (5.6) implies that F(u) € L'(R?) for any u € H'(R?)
and thus the functional I : H(R2) — R is well defined. Furthermore, from
(5.5) and using standard arguments (see in [15], Theorem A.VI), it follows that
I € C'(H'(R?), R).
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Similarly, in the case when (fo) and (f1) holds, fixed ¢ > 2 we have for any
€ > 0 the existence of a constant C(g, €) > 0 such that

£(5)] < els| + Clg, @)lslI™ (™" —1) Vs eR,

and if in addition (f2) holds then
F(s) < 332 1 0(g, )|s]9(e*™* —1)  VWsER. (5.7)

Therefore also in the case when (fo), (f1) and (f2) holds we have that the
functional T is well defined and of class C! on H'(R2).
Obviously I(0) = 0, namely (Ip) holds. Now we prove that I satisfies also

(I1).

Lemma 5.7. Assume either f is of the form (5.8) with 0 < X\ < 1 or assume
(fo), (f1) and (f2). Then there exist p, a > 0 such that I(u) > a > 0 for any
u € HY(R2) with ||ul| g1 = o

Proof. We begin considering the case when f is of the form (5.3) with 0 < A < 1.
From (5.6) it follows that, fixed ¢ > 2, for any € > 0

A
F(u)de < (— + ) ully +Cla. o) [l (™~ ds vue ' E2).
R2 2 R2
In particular for any u € H'(R?) we have

1

/ |u‘q(647m2 —1)dx < ||u||§q (/ (647\'11,2 —1)2 dx) 2 <
R2 R2
%
|u|| (/ (68"“ — da:)

where C1 > 0 is a constant independent of v and we used the fact that the
embedding H'(R?) — L24(R?) is continuous for any ¢ > 2. Moreover, recalling
the Trudinger-Moser inequality in [61] (see also Theorem 1.3), we have the
existence of a constant C's > 0 such that

2
2 u
/ (68””2 —1)dx = / (eSWHu”Hl ( el 1 ) — 1) dz < Co
R2 R2

for any u € H'(R?) with 87r||u|\§11 < 4m. Therefore, fixed ¢ > 2, for any € > 0
we have that

A 2 = q 12 L
[ Pds < (5 +2) IO el v e HYE), s ey < s -

Let 0 < p < Fixed ¢ > 2, for any € > 0

f

1 _
I(u) > 5(1 —A—2)p? — C(q, €)o? Vu € HY(R?), llull g1 g2y = @,
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and choosing € > 0 so that 1 — XA — 2¢ > 0 and p sufficiently small we have that
1 S—
a:= 5(1 —A—2e)p° —C(q,€)0? >0.

In the case when (fo), (f1) and (f2) holds, using (5.7) and arguing as before
we obtain, for fixed ¢ > 2 and for any ¢ > 0, that

£ — 1
/Rz Fwde < Clul3 + O, llully  Vue H'®), |lull a2y < = -

S

Therefore, for fixed ¢ > 2 and for any ¢ € (0, 1), we have

I(u) > -(1—e)o® = Cq, £)o?  Yue H'(R?), |[ull g1 (r2) = 0

N | =

where 0 < p < %, and this leads to the desired conclusion choosing p sufficiently
small. |

We end this section with the proof of (I2).

Lemma 5.8. Assume either f is of the form (5.3) with 0 < A < 1 or assume
(o), (f1) and (f2). For anyu € H'(R?), we have that I(tu) — —oco ast — +oo.
In particular, there exists ug € H'(R?) such that |lug|| g1 > o and I(ug) < 0.

Proof. We begin with the case when f is of the form (5.3). We fix u € H*(R?).
Then for any ¢t > 0, using the power series expansion of the exponential function,
we get

A
[, Fltw) do > S ull3+ Xt ull
R2 2
Thus

1 A
I(tu) < 5t2|\UHH1 - 5t2|IUI|§ = Amttlull3 vt >0

from which we deduce that I(tu) — —oo as t — +o00. In the case when (fo), (f1)
and (f2) holds, in particular we have that

F(s) > c1s|* — cals|? Vs e R

with ¢1, ca > 0. Therefore, fixed u € H! (R2), for any t > 0 we can estimate
1
I(tu) < §t2||u||H1 + cat?||ull3 — cxt?[|ullf;

and recalling that p > 2 we can conclude that I(tu) — —oo as t — +o0. O
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5.2. Preliminary results

Let
HL  (R?) = {ue HY(R?) | u(x) = u(|z|) a.e. in Rz} ,
we recall that the following radial lemma holds

Lemma 5.9 ([41], Chapitre 6, Lemme 1.1)). For any u € H! (R?)

rad

Ju( a.e. in R? . (5.8)

)< = lul

z)| < — —||ul| g1
V2m \/|z| "

This radial lemma will be a useful tool to prove the following result

Lemma 5.10. Assume that f is of the form (5.3) with0 < X\ < 1. Let {un}n C
H! (R?) be a sequence satisfying

rad

(i) sup||Vun[3 = ¢ < 1,
n

(ii) sup ||un||3 = M < +oo.
n

Then N N
/F(umdm—fnunn% noheo /F<u)dz_4\uug
R2 2 R2 2

where u € HL (R?) is the weak limit of {un}n in H'(R2).

rad

Proof. Recalling that
F(s) = (e 1),

it suffices to prove that
aru? _ 2 n—otoo dru? _ 2
(e*™n — 1) dx — 47||unll3 — (e 1) dz — 4ml||ul|5 -
R2 R2

The proof consists in three steps.
STEP 1 - There exists a > 4 such that

sup/ (eo‘"31 —1)de < +o0. (5.9)
n R2

In fact, since p < 1, there exists o > 0 such that o <1 — ¢ < 1. Choosing

1—(o+0)

0<r<
T M

we have that Hun||§{1 ,<l-0o for any n > 1. Therefore applying inequality
(1.10), we can conclude that inequality (5.9) holds for any

A

— 0

0<a<
“=7
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STEP 2 - We prove that for any R > 0
/ (e*™un —1)dz "2H® / (e*™® _ 1) dz . (5.10)
Bgr Br

The idea is to apply the compactness lemma of Strauss (see Theorem A.I in
[15]). Let a > 47 be as Step 1, so that

2
sup/ (e%¥n —1)dx < 400
n JR2
and moreover, as o > 4w, we have that

lim ———=0.

|s|]—>+oo e®s? — 1

Since the embedding H! ., (R?) < LP(R?) is compact for any p € (2, +00), we

rad
have that u, — u in LP(R2) for any p € (2, +00) up to a subsequence that we

still denote with {un }n. Therefore in particular u, — w a.e. in R2 and thus
2 2
(e*mun — 1) ndee (e*m™ — 1) a.e. in R? .

Then, applying the compactness lemma of Strauss, we can conclude that for any
bounded Borel set B C R?

2 2 n——+oo
/ led™un — U dy — 0.
B

STEP 3 - Arbitrarily fixed R > 1, for any n > 1 we have

472 2
/ (534”“gl —1)dz — 47r/ w2 de < - ul dx + T e20+M)
R2\Bpg R2\Bpg 2 Jr2\Bp R
(5.11)
Using the power series expansion of the exponential function we get
4ru? 2 4n? 4
/ (e ”un—l)dx—47r/ ur, de < — u,, de+
R2\Bp R2\Bp 2 Jr2\Bp

= 4r)d
L33 m

- / u? dz .
J: R2\Bg

For any j > 3, applying the radial lemma (5.8), we can estimate

=3

Ay , 27 ; 1 2r 1 '
() W da < 2 un % e < 2T (2l 2)
' n o1 [ H

4! R2\Bp 7! R2\Bpg |]7 R j

and thus

472 2 2
/ (64”“% -1) dmf47r/ u2 de < o ut de+ 2T 2llunliy
R2\BR E2\BR 2 Jr2\Bg R
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STEP 4 - Let for any n > 1

)

T, = H (e4™un — 1) dz — 47r||unH%} - U (e*™® _1)dz — 47r||u||%}
R2 R2

we have to prove that
Zn —0 asn— +oo. (5.12)

To this aim we can estimate for any n > 1

T, <I)+7?+73 41

where

I} (R) := / (64””% —1)dx — 47r/ w2de Yn>1,

RZ\Bp RZ\Bp
T3(R) := / (64““2 —1)dz + 47r/ u? da
R2\BR R2\BR

I3(R) = / (¥™n — 1)de — [ (4™ —1)de| Wn>1,

Br Br
TA(R) := 4x / uidacf/ w?dz| Yn>1,
Br Br

with R > 1 to be chosen.
From (5.11) it follows that

472
< —

2
Tr(R) < ut do + %62(1+NI) Vn>1.

2 R2\BR

Since the embedding Hrlad (R2?) < L9(R?) is compact for any p € (2, +00), in
particular we have that u, — u in L*(R?) and for any € > 0 there exists R > 1
such that

and moreover

Hence for any € > 0 there exists R > 1 such that
In <e+I3(R)+Ia(R) VYn>1
and passing to the limit as n — 400 we get

lim Z, <e Ve >0. (5.13)

n——+oo

In fact, since (5.10) holds, we have Z3 — 0 as n — +oo and, since u, — u in
L2(BR), we have also that Z+ — 0 as n — +oo0.
Now (5.12) follows directly from (5.13) letting ¢ — 0. |
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We recall that in [10] the authors proved the following result

Lemma 5.11. Assume (fo) and (f1). Let {un}n C HL ,(R?) be a sequence
satisfying (i) and (it) of Lemma 5.10. Then

/ F(up)dz — F( ) dx

where w € HE (R?) is the weak limit of {un}n in H'(R?).

For the convenience of the reader, we give here a proof of this result.

Proof. As in Step 2 of the proof of Lemma 5.10, the idea is to apply the com-
pactness lemma of Strauss (see Theorem A.I in [15]). Arguing as in Step 1 of
the proof of Lemma 5.10, we have the existence of o > 47 such that

sup/ (eo‘“i —1)der < +o0.
R2

n

As before we have that
F(s)
lim

2
[s| =400 exs5” — 1

=0,

since (fo) holds, and F(u,) — F(u) a.e. in R?. But moreover from (fi) it
follows that
. F(s)
lim

s—0 @&32 —1

=0

and uy, (z) — 0 as || — +oo uniformly with respect to n, as a direct consequence
of the radial lemma (5.8). Therefore, using the compactness lemma of Strauss,
we can conclude that F(u,) — F(u) in L'(R?). O

We now prove that the infimum A is strictly positive, but before we point
out that whenever we deal with a minimizing sequence for A, that is a sequence
{un}n C H(R?)\ {0} such that

1
7/ |Vun|? de mar )
2 R2

/ G(up)dx =0 Vn>1,
R2

without loss of generality we may assume that {un}n C HL  (R?)\ {0} and that
lunllz2 = 1. In fact if {un}n € H'(R?)\ {0} is a minimizing sequence for A
then the sequence {u’ }n C H'(R2)\ {0}, where u, is the spherically symmetric
decreasing rearrangement of u,, is a minimizing sequence too. Furthermore
letting

vn () = un(z||ull2) for a.e. © € R?

for any n > 1, we have that

1 1 1
7/ Von|? = 7/ Vun|? , / Glon)de = —— [ G(un)dz =0
2 Jr2 2 Jr2 R2 lunlls Jr2

and |jvn]2 = 1.
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Lemma 5.12. Assume either f is of the form (5.8) with 0 < XA < 1 or assume
(fo) and (f1). Then A > 0.

Proof. In the case that we assume (fo) and (f1), since Lemma 5.11 holds, we
can argue as in the proof of [10], Lemma 5.3 to conclude that A > 0. Therefore
we only consider the case when

F(s) = Ase?™®  VseR

with 0 < A < 1. Obviously A > 0 and we argue by contradiction assuming that
A=0. Let {un}n € H'(R?)\ {0} be a minimizing sequence for A, namely

1
7/ |Vun|? de ety 0,
2 R2

G(up)de =0 Yn >1
R2

and, without loss of generality, we may assume that {un}n C HL, (R?)\ {0}

ad
and that ||unll2 = 1. Let u € Hrlad(]RQ) be the weak limit of {uy}, in H'(R?),

then from Lemma 5.10, it follows that

A A
[ de— Sty "5 [ pde— S}
R2 2 R2 2

Since

1 1
0=/ G(un)dx:/ F(un)da:ffHuan:/ Flun)dz — © |
RZ RZ 2 RZ 2

we have that

1
F(up)de = =
R2 2

and thus
A 5 1
Fu)dr — =|lull5==(1—-X)>0
R2 2 2

from which it follows that u # 0. On the other hand, the weak convergence
un — u in H'(R?) implies that

1 1
0 = liminf - |Vun|? dz > 7/‘ |[Vul?2dz >0,
2 Jgr2 2 Jr2

n——+oo

namely

/ |Vul?dz =0,
R2

and thus u = 0 which leads to a contradiction. O
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We introduce the set P of non-trivial functions satisfying the Pohozaev iden-
tity

P = {u € H'(R2)\ {0} | /Rz G(u) do = 0}

and we can notice that

1
A = inf 7/ |Vu|? da .
ueP 2 Jr2

Since A > 0, arguing as in the proof of [40], Lemma 4.1 we obtain the following
result

Lemma 5.13. Assume either f is of the form (5.8) with 0 < XA < 1 or assume
(fo) and (f1). Then for any v € T

([0, INNP#0.

This lemma leads to the following relation between the infimum A and the
mountain pass level ¢

Lemma 5.14. Assume either f is of the form (5.8) with 0 < XA < 1 or assume
(fo) and (f1). Then the infimum A satisfies the inequality A < c.

Proof. Let v € T and let t9 € (0, 1] be such that y(to) € P, the existence of
such a tg is guaranteed by Lemma 5.13. Since v(to9) € P, we have

1660) =5 [ IVul ds

and thus

1
m > = - Vul? > A.
te[g‘,xl] I(~(t)) > I(v(to)) 5 /R? [Vu|*dz > A

From the arbitrary choice of v € I it follows that

max I(y(t)) > A Vyel
te[0, 1]

and this leads to the desired inequality. |

5.3. Estimate of the mountain pass level ¢

In order to get an upper bound for the mountain pass level ¢ we will show the
existence of u € H'(R?) such that

max I (tu) <

5.14
na (5.14)

N | —

Firstly we consider the case when f is as in (5.3) with 0 < A < 1. To obtain
the existence of u € H'(R?) which satisfies the inequality (5.14), the fact that

im0 (5.15)

|s|]—+oo edms?
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plays an important role. In particular we can notice from (5.15) it follows that

fixed 1
Bo > — (5.16)
™

there exists 3 =35(8p) > 0 such that
sf(s) > Boel™” W|s|>3. (5.17)

We consider the modified Moser’s sequence introduced in [28]:

1
(logn)? 0<|z| <+,
1 logL
—_ I x| 1
wp(z) i =——4 ——1 =Z<|z|<1,
”( ) \/577 (logn)% " 7| |7
0 lz] > 1.

We can notice that @, € H(B1) C HY(R?), ||[Vws|2 = 1 and

o 1
@l =0 ()
ogn

as n — +00. We then define

Wn
Wn 1= 5 -
llwon |l g1

Lemma 5.15. Assume f is of the form (5.3) with 0 < A < 1. Then there exists
n > 1 such that

I(twn) < !
max - .
g L) Sy

Proof. We argue by contradiction assuming that

1
I(t > — Vn>1.
g len) 25 Vn2
For any n > 1, let t,, > 0 be such that
1
I(thwn) = Tﬁé{[(twn) > 50

then we can estimate
1

1 2 1,
5 < I(tnwn) = EthwnHHl - /R? F(thwn)dr < it"

and
t2>1 VYn>1. (5.18)

At t = t,, we have

d
0=—I(t
dt (twn)

t=ty R2
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which implies that
2 =/ [ (tnwn ) tnwn dx . (5.19)
R2

We claim that {tn}n C R is bounded. In fact, since

tn 1
tnwp = ——— —=1+/logn — +o0 a.e. in B1 ,
e |@nll g1 V2r n

from (5.17), it follows that at least for n > 1 sufficiently large

2

2 T Zﬁ—”wt*ﬁ logn
ti > f(tnwn)tnwn de > ,6’0/ edm(tnwn)® go — —2,806 nlgl .
B B n
(5.20)
Consequently

2
27\\? t’ﬁ2 logn—2logty,—2logn

1> wphoe ayce
for n > 1 sufficiently large and {¢, }» must be bounded.

We claim that

t,% —1
as n — +o0o. Arguing by contradiction, since (5.18) holds, we have to assume
that
lim 2 >1.
n—-+oo

Recalling (5.20), for n > 1 sufficiently large we have

t
)

210gn< =
@
t2 > e m

and letting n — 400 we get a contradiction with the boundedness of the sequence

{tn}n.

In order to estimate (5.19) more precisely, we define the sets
An i={z € B1 | thwn(z) >3}, Ch:=B1\ A,

where 5 > 0 is given in (5.17). With (5.19) and (5.17) we can estimate

ti > f(tnwn)tnwn dx > 60/
By By

2, .2
_ 50/ e47‘rtnwn dx

n

2 2
ATt wn dp + / f(tnwn)tnwn doe—
Ch

for any n > 1. Since w, — 0 a.e. in Bj, from the definition of C,, we obtain
that the characteristic functions

Xxc, — 1 ae. in By,

and the Lebesgue dominated convergence theorem implies that

/ ftnwn)tnwn dz — 0,
Cn
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2 2
/ e tnYn dx — 1
n

as n — +oo. If we prove that

lim AT dg > 2 (5.21)
n—-+oo Bl\Bl

then
1= lim ¢t > =B
1 n = 0

which is in contradiction with (5.16). To end the proof it remains only to prove
that inequality (5.21) holds. As a consequence of (5.18)

1 —=2 -1 log2(l)
2,2 2 S 2 Togn s
/ 64‘rrtnwn dr > / 647“‘)71, dor = 271_/ ellwnHHl sds
B1\B1 Bi\B1 1
n n
and if we make the change of variable
log 1
T S

 |@nllg logn

then we obtain the following estimate
2, 2 T 2
/ ATEYE o > 2@l logn/”“””Hl G2logn(r2—[[@nll 1 7) gr
B1\B1 0

Now it suffices to notice that

7 — |@nll g >
1@l 27 0<7 < oy
(et =~ 1nlln) (7 = /i) + @ =1 oo <7< Tl
to conclude that (5.21) holds. O

Now we consider the case when (f2) and (f3) holds. In this case, as a conse-
quence of (f3), we have that for any € > 0 there exists s > 0 such that

sf(s) > (Bo — )™ Vs > s. .

Let r > 0 be such that 1
Bo > 2

we consider the modified Moser’s sequence introduced in [31]:

(logn)? 0< |z <,
Mo(e) = ——{ BT g <y
z) = —& I ,

" \/57’1’ (logn)% n- -
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We can notice that My € H}(Br) C HY(R?), ||[VMy|2 =1 and

— 1
3713 =0 ()
ogn

as n — 4+o0o. We then define
Pp— M’n
"t Ml
and arguing as before (see also [31], Lemma 4.4) we have the following result

Lemma 5.16. Assume (f2) and (f3). Then there exists n € N such that

max I (tMy) <
>0

N =

Lemma 5.15 and Lemma 5.16 give indeed more precise informations about
the mountain pass level ¢ both in the case when f is as in (5.3) with 0 < A < 1
and in the case when (f2) and (f3). In fact, from these lemmas we get the
existence of u € H(R?) such that

1
max [ (tu) < — .
t>0 2

Let t > 0 be such that I(tu) < 0 and let ug := tu. If we consider the path
Fi=t-tu vt € [0, 1]

then 7 € T := {y € C([0, 1], H'(R?)) | v(0) = 0, ¥(1) = uo € H'(R?)} and we
have

(5.22)

N | =

< max I(F(t)) < max I(tu) <
¢S max, 3 ))_Ingf (tu)

5.4. The infimum A is attained

In this Section we will prove Proposition 5.5. We can notice that, either in
the case when f is of the form (5.3) with 0 < XA < 1 or in the case when
(fo), (f1), (f2) and (f3) hold, if the infimum A is attained then the minimizer
u € HL ;(R?)\ {0} is a solution of problem (5.2), under a suitable change of

scale. In fact, if u € H. j(R?)\ {0} is such that

T

1
7/ |Vul?de = A
2 RrR2

G(u)dz =0
R2

then there exists a Lagrange multiplier 8 € R, namely

1
= Vu-Vvdm:@/ g(u)vdzx Yo € H(R?) .
2 Jr2 R2
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Since it is easy to see that 8 > 0, we can set

ug(z) == u (%) (5.23)

for a.e. © € R2. We have that ug is a non-trivial solution of problem (5.2) and
hence
m < I(ug) .

Moreover

/ |Vug\2d:p:/ [Vul2dz = A, / G(ug)dz:G/ Gu)dz =0,
R2 R2 R2 R2

from which we get I(up) = % Jr2 IVug|? de = A and thus m < A.

Therefore to prove Proposition 5.5, it remains to show that the infimum A is
achieved. The proof in the case that we assume (fo), (f1), (f2) and (f3) can be
easily reduced to the proof of [10], Theorem 1.4. It suffices to notice that from
Lemma 5.14 and from inequality (5.22), it follows that

1
A< =
2

and thus we are in the same framework of the proof of [10], Theorem 1.4.

Proof of Proposition 5.5 in the case f(s) := Ased™s? Vs € R with 0 < A < 1. From
Lemma 5.14 and from inequality (5.22), it follows that

1
A<=
< 2
Let {un}n € H'(R?)\ {0} be a minimizing sequence for A:

1
7/ |Vun|? dz are
2 R2

G(un)dz =0 Yn>1. (5.24)
R2
1 @®?)\ {0} and
that |lunll2 = 1. We will prove that the weak limit u € HL ;(R?) of {un}n in
H'(R?) is a minimizer for A.

Since

Without loss of generality we may assume that {un}n C H!

lim sup [Vun|?de =24 <1,
R2

n—-+oo

from Lemma 5.10 it follows that
A n—s—4o00 A
[ Fnde= Sty "5 [ pdo— S}
RrR2 2 R2 2

Furthermore, (5.24) leads to

/ F(up)dz = 1 .
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Therefore
A 1
/ Flu)de — 2ul2 = 21— >0
R2 2 2

which in particular implies that u # 0.
From the weak convergence u, — u in H'(R?), we get

1 1
A = liminf — |Vun|? > 7‘/ [Vul? .
n—+oo 2 g2 2 Jr2

Hence, to conclude, it suffices to prove that

/RzG(u)da:ZO.

Since un — u in H'(R?), we have

[ull3 < liminf [Junl|3 =1
n——+oo

and thus
1 2 A 2, 1 2
Gu)dz = Fu)de — S|lullz = [ F(u)de — S [lullz + (A = Dljullz =
R2 R2 2 R2 2 2
1 1 5 1 2
= SO-N+ 5= D3 = S0 - )~ ul3) 2 0.

If we argue by contradiction assuming that

/ G(u)dz #0
R2
then we have necessarily
/ G(u)dz > 0. (5.25)
R2

Let )
t

h(t) ::/ G(tu)d:c:/ Fltw)de — “|ulz V>0
R2 R2 2

We can notice that for any ¢ € (0, 1) we have

A
/ F(tu)de = —/ (64”21‘2 —1)dx =
R2 81 R2
+oo j
A 2 A Z (4m)’ 25 2j

j=2

IN

+oo j
A A 4)d .
ST R o iy A
2 8w = gt Jr2

A A
_ 7t2||u||§+t4—/ (™ _ 1) dg .
2 87 Jr2
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Hence for any ¢ € (0, 1)

1 A
ho) < SO Vel + e [ et - s,
2 8w JR2
from which we deduce that h(t) < 0 for ¢ > 0 sufficiently small. But h(1) > 0,
as a consequence of (5.25), and thus there exists to € (0, 1) such that h(tg) = 0,
that is

/ G(tou)dz =0.
R2

Therefore
1 1
A< f/ |V (tow)|? dz = %3/ [Vul?de <t3A < A
2 R2 2 R2
which is a contradiction. O

5.5. Proofs of Theorem 5.1 and Theorem 5.3

In order to prove Theorem 5.1 and Theorem 5.3 we can notice that, both in
the case when f is of the form (5.3) with 0 < A < 1 and in the case when
(fo), (f1), (f2) and (f3) hold, from Proposition 5.5 we have m < A. Moreover,
Lemma 5.14 tells us that A < ¢ and hence

m<c.

It remains only to show that
m>c (5.26)

to conclude that the mountain pass level ¢ gives the ground state level.
In [40] the authors proved the following result

Theorem 5.17 ([40], Lemma 2.1). Assume (g0), (g1), (g2) and (g3) as in The-
orem 5.4. Then for any solution u of (5.1) there exists a path v € T such that
w e ([0, 1]) and
I(y(t) =m.
(e () =m

It is easy to see that the proof of this theorem works also under our assump-
tions and this leads to (5.26).

Indeed, we can notice that in this way we proved that

m=A=c.

Hence if w € H'(R?) is a minimizer for A and we define ugy as in (5.23) then
ug is a ground state solution of problem (5.2). This gives a proof of Proposition
5.6.






CHAPTER 0O

A biharmonic equation in R*: the subcritical case

In this Chapter we consider a biharmonic equation of the form

we H2(RY) (6.1)

{A2u+ V(ehu=f(u) in R4
where the condition v € H?(R*) expresses explicitely that the biharmonic equa-
tion is to be satisfied in the weak sense. Assuming that the potential V satisfies
some symmetry conditions and is bounded away from zero and that the non-
linearity f is odd and has subcritical exponential growth (in the sense of the
Adams-type inequality (3.1), see also Theorem 2.1), we prove a multiplicity
result. More precisely we prove the existence of infinitely many nonradial sign-
changing solutions and infinitely many radial solutions in H?(R*). The main
difficulty is the lack of compactness due to the unboundedness of the domain R*
and in this respect the symmetries of the problem play an important role.

In order to obtain the existence of infinitely many nonradial sign-changing
and radial solutions for the biharmonic problem (6.1), we make the following
assumptions on the potential V' and the nonlinearity f:

(V1) V € C(R*, R) is bounded from below by a positive constant Vo,
V(z)>Vo>0 VazeR*;
(V2) V is spherically symmetric with respect to x € R*,
V() =V(lz) VzeR*;
(f1) f € C(R, R) has subcritical exponential growth, i.e.
L )

|s|—=+o0 eos?

=0 VYa>0;

(f2) f(s) = o(ls]) as [s| = 0;
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(f3) f is odd.

We can notice that, as a consequence of assumption (f3), nonzero solutions of
(6.1) occour in antipodal pairs, namely if u is a solution of (6.1) then —u is a
solution of (6.1) too.

Furthermore, setting F(s) := [; f(t) dt, we will assume that:

(F1) 3p > 2 such that
pE(s) <sf(s) VseR;

(F2) 35 > 0 such that |i|r1>fiF(8) >0.

Remark 6.1. (F1) and (F») implies the Ambrosetti- Rabinowitz condition, namely
(A—R) 3u>2 suchthat O0<pF(s)<sf(s) Vs>5s.

As we will see during the proof, we need the stronger condition (F1) to obtain
the Palais-Smale condition.

Example 6.2. The function f(s) := s(e?!5l —1) Vs € R, where v > 0, satisfies
conditions (f1), (f2), (f3), (F1) and (F»), for a proof see Proposition 6.15.

‘We can now state our main result:

Theorem 6.3. Assume that (V1), (V2), (f1), (f2), (f3), (F1) and (F2) hold.
Then there exists an unbounded sequence {f+uy }ren of sign-changing solutions
of (6.1) which are not radial. There also exists an unbounded sequence {£uy }ken
of radial solutions of (6.1).

Here and below the unboundedness of the sequences {ug}ren of solutions
has to be understood as follows:

/ [(Auk)z + V(|m|)ui] dr — 400 ask — +oo.
R4

We point out that, since problem (6.1) is invariant under rotations, it is nat-
ural to look for radially symmetric solutions. Therefore it seems to be more
interesting the multiplicity of nonradial solutions of (6.1). Concerning the un-
bounded sequence {uj}ren of sign-changing solutions of (6.1) which are not
radial, we can notice that the orbit of ug

O@) xup :={uog : ge O4)} C H(R?)
is diffeomorphic to the quotient space O(4)/Z(ug), where
Z(ug) :={g € O4) : up(gz) = ug(x) Vo € R*} C O(4)
is the isotropy group of uy. Since uy is not radial, it is possible that for some
g€ 04
u(gz) = u(z) VzeR*,
but this cannot happen for all g € O(4), namely Z(u) € O(4). Therefore

dim O(4) * up, =dimO4)/Z(ug) > 1
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and to each uy, corresponds a nontrivial O(4)-orbit of solutions to (6.1). Further-
more the orbits O(4) * ug, and O(4) * uy, with k1 # k2 and k1, ko sufficiently
large are disjoint because

/ [(A (uk o g) )2 + V(|x\)(uk [e) 9)2] dx =
R4
= /1R4 [(A“k)2 + V(\xl)ui] dr — +oo as k — +oo .

It will be clear during the proof that it is possible to obtain an unbounded
sequence of nonradial sign-changing solutions of (6.1) without requiring the po-
tential V to be spherically symmetric with respect to z € R%. In fact we may
replace the assumption (V2) on the potential V' with the following weaker as-
sumptions:

(V4) V is spherically symmetric with respect to x1, x2 € R?,
V(z) = V(|z1], |z2]) Vo = (x1, ©2) € RZ xR?;

(V3") V(Jaal, |z2l) = V(|a2l, |z1]) Vo1, 22 € R? .

Theorem 6.4. Assume that (V1), (V3), (V3'), (f1), (f2), (f3), (F1) and (F2)
hold. Then there exists an unbounded sequence {tug}ren of sign-changing
solutions of

{A2u + V(|z1], |z2))u = f(u) in R* (6.2)

u € H?(R%)
which are not radial.

Furthermore, requiring only the potential V' to be spherically symmetric with
respect to x1, £3 € R2, it is possible to obtain an unbounded sequence of solu-
tions of (6.2).

Theorem 6.5. Assume that (V1), (V3), (f1), (f2), (f3), (F1) and (F2) hold.
Then (6.2) possesses an unbounded sequence {tu }ren of solutions.

To prove these theorems we will follow a variational approach. Let X be the
subspace of H?(R%) defined as

X = {u € H2(RY) ’ / [(Au)2 + V(x)uQ] dx < +oo} .
R4
By (V1), it follows that X is a Hilbert space endowed with the scalar product
(u, v) == / AulAvdz +/ V(z)uv dx u, v € X
R4 R4

to which corresponds the norm |ju|| := +/(u, u). Applying an interpolation
inequality, it is easy to see that the embedding X < H?(R*) is continuous.
The solutions of (6.1) are critical points of the functional

() = L juf? _/ Flu)de VueX
2 R4
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which is well defined and differentiable on X, namely I € C!(X, R). The diffi-
culty in working in this variational framework is the lack of compactness, infact
I fails to satisfy the Palais-Smale condition in X. However, to gain compact-
ness, we shall exploit the symmetries of the problem imposing the invariance
with respect to a group G acting on X.

Let X be the space of fixed points in X with respect to the action of the
group G:

Xe:={u€ X |u(gz) =u(z) Vg€ G and ae. x€R4}QX.
‘We will prove the following result:
Proposition 6.6. Let G be a group acting on X via orthogonal maps such that:
(G1) I: X — R is G-invariant;
(G2) Xg is compactly embedded in LP(R*) for any p € (4, +00);
(G3) dim Xg = +oo.
Then I has an unbounded sequence of critical points lying on Xq.

To prove Proposition 6.6, we will show that the problem reduces to the study
of the multiplicity of critical points of the restriction I|x, which behaves like
a mountain pass and satisfies the Palais-Smale condition. More precisely I|XG
satisfies the assumptions of a generalized mountain pass theorem due to A. Am-
brosetti and P. H. Rabinowitz [59] which gives the multiplicity of critical points.

This Chapter is organized as follows. In Section 6.1, we will prove Proposition
6.6. In Section 6.2, we will show the existence of a group G, which satisfies the
assumptions of Proposition 6.6, following an approach introduced by T. Bartsch
and M. Willem in [13] (see also [12]). This approach allows to obtain additional
informations on the nodal structure of the critical points. The existence of
such a group together with Proposition 6.6 will allow us to conclude that the
main theorem, Theorem 6.3, holds. We will also explain how to adapt these
arguments to prove Theorem 6.4 and Theorem 6.5. As shown in Section 6.3,
these arguments can also be adapted to obtain similar results for biharmonic
problems of the form

A2y —div (U(z)Vu) + V(z)u = f(u) in R*
u € H2(R*)

under suitable assumptions on U, V : R* — R.

6.1. Mountain pass structure and Palais-Smale condition

‘We consider the functional

() = S juf? _/ Flu)de VueX.
2 R4



A biharmonic equation in R*: the subcritical case 91

We can notice that, as a consequence of (f1) and (f2), fixed @ > 0 and ¢ > 0,
we have the existence of two constants c1, ca > 0 such that

[f(9)] gcl\s|+02|s|q(e°‘32 —-1) Vs eR;

therefore, from (A — R), it follows the existence of two constants ¢1, ¢2 > 0 such
that: ,
|F(s)] < e1ls|? + Eals|T1 (e — 1) VseR .

This together with Remark 3.8 implies that the functional I is well defined on
X. Using standard arguments, it is easy to see that I € C1(X, R),

I'(u)v = (u, v>7/ fw)vdz Yu, v € X
R4
and the critical points of I are solutions of problem (6.1).

The main aim of this Section is the proof Proposition 6.6. Thus let G be a
group acting on X via orthogonal maps satisfying (G1), (G2) and (G3). Firsly
we can notice that, as a consequence of the principle of symmetric criticality [55],
any critical point of the restriction I|x,, is a critical point of I too. Therefore the
proof of Proposition 6.6 reduces to show that I|x, has an unbounded sequence
of critical points. To do this we apply the following generalized mountain pass
theorem.

Theorem 6.7 ([59], Theorem 9.12). Let (E, || - ||) be an infinite dimensional
Banach space over R and let I € C*(E, R) be an even functional such that
1(0) = 0. We assume that:

(11) 3p, v > 0 such that I|g \ (o} > 0 and I|pp, > v > 0 where

Byi={ueE||ull <p} C E;
(I2) for any finite dimensional subspace E C E the set {u € E | I(u) > 0} is

bounded;

(I3) the Palais-Smale condition holds.

Then I possesses an unbounded sequence of critical values ¢, — +o0 as k —
+o0.

As mentioned above I € C1(X, R), moreover [ is even and I(0) = 0. We have
to show that the functional I|x , satysfies the remaining hypotheses of Theorem
6.7 for E = X which is infinite dimensional by assumption (G3).

Lemma 6.8. Assume (f1), (f2) and (A — R). Then I|x satisfies (I1).
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92
Proof. As a consequence of (f1), (f2) and (A — R), fixed @« > 0 and ¢ > 1, we
(6.3)

have that for any 0 < e < 1 there exists a constant C'(«, g, €) > 0 such that
-1) VseR .

[F(s)] < elsl® + Cla, g, €)|s]?(e**
Thus in particular if we fix « = 1 and ¢ > 3 then for any 0 < € < 1 we have

/ F(u)de < e|lull? + C(q, s)/ 2 —1)de  Vue X .
R4 R4
Now, recalling that the embedding Xg — H?(R*) is continuous, namely

Yu e Xg,

—_

l[ull g2 < Cllul]

there exists a constant C' > 0 such that

we have that if |ju]] < % then |lu||2 < 1. Applying Lemma 3.9
l[ull < =
C

[ P de < elulg + g ollul?  vue Xa,
R

1 —
and without loss of generality we may assume that [C1(g, €)]7—2 > C.
So for any u € Xg with |Jul| < % we have
12 2 q 1_ = 2 a
I(u) = Sllull” —ellullz — Cilg, llull?! = { 5 — — ) lull® = Cilg, O)llull? =
2 2 Vo
1 €
2 —2
= ||lu — — — — Ci(q, e)|lu||?
ful? (3 - = - Cala. lull™?)
(6.4)
Now we choose 0 < € < 1 as follows
X 1 1
O0<e<min<l, (- ———= | W
2 242
and we set 1
pi=
2[C1(q; )] 12
Since p < %, (6.4) holds for any u € X with ||ul]| = p and we have
I(u) > p? (f - —Ciq s)pq’2) =
= 2 VO )
1 € 1
— 2 _ = _ —
#(5- o 5m) YeeXe lul=p
Setting
1 3 1
2
= (- - >0,
T (2 Vo 2%2)
Iw) >y Vue X, Jull =p.

we get



A biharmonic equation in R*: the subcritical case 93

In conclusion, if p;1 < p then applying (6.4) we have that for any u € X¢g
with [[ul| = p1

1 € —2 1 €
I(w)>p? [ = — = —Ci(q, e)p? )> 2<7———C , € q_Z):
()_p1(2 o 1(q, €)pi =TT 1(q, €)p
Y
p
and this means that

Iw)>0  vue Xe\ {0} |lull <p.

Lemma 6.9. Assume (f2) and (A — R). Then I|x, satisfies (I2).

Proof. As a consequence of (f2) and (A — R) there exist C1, C2 > 0 such that
F(s) > C1|s|* — Ca|s|? VseR .

Therefore for any v € X we have that
1 1, Cs
I(u) < §I|u||2 + Calul3 = Cullull} < (5 + 70) [ul® = Cillullfi . (6.5)

Let E be a finite dimensional subspace of X¢. Since all norms in E are equiva-
lent, there exists a constant C' > 0 such that for any u € E we have ||u||, > C||u]|.
Thus

1 C ~ ~
1)< (5+2) P = Gillal vue
2 Vo
and in particular for any u € E with |lu|| = R
1 Ca 2 ~
I <|(=+-—)R*—C1R*.
(W)= (2 - Vo) !

This means that for R > 0 sufficiently large
I(u) <0 Vu € E, ||lul]l >R
and the set {u € E | I(u) > 0} is bounded. O

Lemma 6.10. Assume (f1), (f2) and (F1). Then I|x, satisfies (I3).

Proof. Let {un }nen C X be a Palais-Smale sequence, that is [I(un)| < C1 Vn €
N and I'(un) — 0 as n — +o0.
Firstly we prove that {un }nen is bounded in X¢g. For any u, v € X¢

I'(w)v = (u, v) — /1%4 fw)vdr
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therefore, for any n € N

1 1

) = o i = (5= 5 ) Bl = [ (Pw) = o Flwnyun ) da

2

As a consequence of (F71) we have that

L, (Pt = 2 sy ) de <o

and so we obtain

1 1 1
I(un) — = I' (un)un > (7 - 7> lunl> VneEN. (6.6)
1z 2
On the other hand
1o 1., Ca
I(un)—; I'(un)un < \I(un)l+; [1"(un)un| < Cl+7||le vn eN. (6.7)

From (6.6) and (6.7) it follows that

11 C
0< (7 - 7) lunll2 < C1 + =|jun|| VYn€EN
2 H

which means that {un}nen is bounded in X¢.

It remains to prove that {uy}nen converges up to subsequences. Since, by
assumption, (G2) holds and since {un}nen is bounded in X, we have that
Un — u in LP(R*) for any p € (4, +00). Here and below, up to the end of the

proof, convergence has to be understood up to the passage to a subsequence.
Fix n € N. Since

(1" (un) = I' ()] (u — un) = [Ju — unl|® ~ /M[f(Un) — f))(u —un)dz,

= a2 = [1' (un) — I’ ()]t — un) + /lR () — @) — un) de
As {un}nen is a bounded Palais-Smale sequence we have that
(I (un) — I'(W)](u — upn) = 0

when n — +o0o. If we show that for any 0 < € < 1 there exist constants C3 > 0
and C4(g) > 0 such that

E, = /]1@4 [flun) — f(w)](u —un) de < Cze + Ca(e)||u — unllp vn € N (6.8)

for some p > 4, then it follows that ||u — un||> — 0 as n — +oo that is what we
wanted to prove.
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Therefore to end the proof we have to show that (6.8) holds. At this aim we
can notice that as a consequence of (f1) and (f2), fixed & > 0 and ¢ > 0, for
any 0 < € < 1 there exists a constant C(«, g, €) > 0 such that

£(5)] < els|+ Clav, g, ©) [s|7(e>*""Y) Vs eR .

Let o > 0 and ¢ > 0 to be choosen during the proof. Then for any 0 < & < 1 we
have

Ey

IN

/R4 (17 ) + 1 @)] 0 = ] d <

[ [+ +

+C(a, g, ) (Junl?(en = 1) + [uf? (" = 1) ] Ju = un| do =
eB1,n+C(a, g, €) B2 n

IN

where we have set
PO / (hunl +1ul) [t~ unl e~ ¥n €N,
R4

EQ,n

/ (|un\q(efwi 1)+ fuf(eov” — 1)) lu—un|de VneN.
R4
We estimate F1, 5, as follows:
2
By < [ (ual+ul) do < 2(fun3+10l) < - (lunlP+Hlul?) < G5 ¥ €N
R

To estimate E3, ,, we apply Holder’s inequality with % + é = 1 obtaining that

4
[ (/ fun] F9(evh — ﬁdw) -
R4
4 (/ fu F 9 (e 71)%dx) ° ] i — tunls =
]R4

4

[(Ban)? + (Bs,n)

E2 n

)

IN

where we have set
2 2
E4n ::/ |un|gq(e°‘“n—l)% dz Es n ::/ |u\%q(ea“ —1)% dr VneN.
R4 R4

Now, it suffices to prove that Ey4, ,, and Es5 , are bounded by a constant indepen-
dent of n to conclude that (6.8) holds with p = 5. As {up }nen is bounded in X

there exists a constant M > 0 such that ||un||g2 < M Vn € N and |lul| g2 < M.

2
Thus, choosing a < (53‘11\;[’2 and q > %, we can apply Lemma 3.10 obtaining

the desired estimate for E4 ,, and Es ,. This completes the proof of Lemma
6.10. O
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In conclusion I| X satisfies the assumptions of Theorem 6.7 and possesses
a sequence {cy}ren of critical values such that ¢y — 400 as k — +o0o. The
associated sequence of critical points {ug}ren lies in X and is unbounded.
Infact, reasoning as in (6.5), we get

1 Co 2
=1 <|l=-+ =
on =100 < (5 + T2 )

from which it follows that ||Jug|| — +oo as k — +oo.

6.2. Exploiting symmetries

We have to construct a group acting on X which satisfies the assumptions
of Proposition 6.6, namely a subgroup G C O(4) acting on X and satisfying
(G1), (G2) and (G3). As already mentioned, at this aim we will follow an idea
of T. Bartsch and M. Willem ([13], see also [12]).

Let H be the subgroup of O(4) defined as

H:=0(2) x 0(2) = {(g g) Cabe 0(2)} c oW

(0 2
T = (2.2 0) € 04)
where i3 denotes the identity matrix in R2. We can notice that 7= = 7 and 7 is

in the normalizer of H in O(4), namely 7H = Hr. We define G :=< HU {7} >,
an element g € G can be written uniquely in the form

and consider

g=h or g=ht
with h € H. We consider the action of G on X defined by

hxu(z) = u(h 'z for a.e. z € R*, Vh e H ,
hrsu(z) = —u(rh™lz) for a.e. z € R, Vh e H

for any v € X. It is easy to see that this indeed defines an action of G on X,

namely ig x g = g and (g1g2) *u = g1 * (92 * u) for g1, g2 € G, u € X, and that

this action is continuous.

Remark 6.11. A special case of the action of G over X is the following:

Txu(z) = —u(Tx) for a.e. x €R* .

So in particular if u € Xg and x € R* with & = ha for some h € H then
—u(z) = u(te) = uw(th™lre) = w(h o) = u(x)

and u(x) = 0. Therefore any u € Xg must necessarily be zero on the set

{z € R* | 72 = ha for some h € H} .
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Since I is even according to (f3), I is G-invariant. In fact if we assume that
(V2) holds then the potential V' is spherically symmetric and in particular V' is
G-invariant

Vigz) =V (lgz|) = V(|z]) = V(z) Vg € G C O(4), Yz € R* .
Also under the assumptions (V5) and (V4’) on the potential V' we have that
V(ha) = V(laz1], [bz2]) = V([z1], |22]) = V(2) ,
V(hrz) = V(|azz|, [bx1]) = V(|z2], [21]) = V(|z1], [z2]) = V(2) ,

Vh = (g g) € H, Vz1, z2 € R

and V is G-invariant. Therefore condition (G1) is satified. The compactness
condition (G2) is a consequence of a result due to E. Hebey and M. Vaugon
(see [39], Corollary 4) which generalize a well known result of P. L. Lions (see
[48], Théoreme III.1). For the convenience of the reader we report here below
the part of this more general result that we will use. If z € R* then we write
x = (1, x2) where x1, 2 € R? with respect to the splitting R* = R? x R2. Let
WII{’A‘(R‘L) the subspace of W1 4(R*%) consisting of all v € W1 4(R*) radially
symmetric with respect to z; € R? for i € {1, 2}

WHARY = {fue WHARY) |hxu=u Vhe H}.

WI{I’4(R4) is nothing but the space of fixed points in W' 4(R*) with respect to
the action of H.

Theorem 6.12 ([39], Corollary 4). For any p € (4, +00) the embedding
W H(RY) — LP(RY)

is compact, i.e. W;I’4(]R4) s LP(RY).

Now, as a consequence of Theorem 6.12, the hypothesis (G2) of Proposition
6.6 easily follows

Xg = W RY) = LP(RY)  Vp e (4, +00) .
Obviously we have also that G satisfies hypothesis (G3). Therefore, from Propo-
sition 6.6, we obtain the existence of an unbounded sequence {uy}xeny C X¢ of

critical points for the functional I. These critical points are not radial, infact by
construction

ug(z) = —ug(tz) for a.e. z € RY, Vk €N

and, furthermore, are sign-changing (see Remark 6.11 above). This ends the
proof of Theorem 6.4 and of the first part of Theorem 6.3.



98 Final remarks

We can notice that it is easy to adapt the previous arguments to obtain a
proof of Theorem 6.5. In fact we can apply again Proposition 6.6 with the action
of H defined by

hxu(z) == u(h™ ) for a.e. z € R* Vh € H .

Since the potential V is spherically symmetric with respect to zi, z2 € R?
according to (V3), I is H-invariant and condition (G1) is satisfied. Furthermore,
from Theorem 6.12 we have

Xp = WHARY) < LP(RY)  Vp € (4, +o0)

and also condition (G2) is satisfied.

To conclude the proof of Theorem 6.3, it remains to prove the existence of
an unbounded sequence of critical points of I which are radial. At this aim it
suffices to notice that the orthogonal group O(4) satisfies the assumptions of
Proposition 6.6 with respect to the action defined by

g*u(z) :=u(h™z) for a.e. © € R*, Vg € O(4) .

Infact, since the potential V is spherically symmetric according to (V2), condition
(Gh) is satisfied and we have the following result of P. L. Lions [48] which states
that O(4) satisfies (G2). Let H2 ,(R*) be the subspace of H?(R*) consisting of

T

all u € H2(R*) which are radially symmetric. H2, j(R?) is nothing but the space

of fixed points in H?(R*) with respect to the action of O(4).

Theorem 6.13 ([48], Théoreme I1.1). For any p € (2, +00) the embedding
H7g(RY) — LP(RY)

is compact, i.e. H2 (R*) <> LP(R*).

Therefore, applying again Proposition 6.6 with G = O(4) we obtain an un-
bounded sequence of critical points for the functional I lying on Hfad (RY).

6.3. Final remarks

Nothing needs to be modified in the previous arguments, in order to obtain
similar results for equations of the form

{ A2y — div (U(2)Vu) + V(e)u = f(u) in B! (6.9)

u € H2(R*)

where U, V : R* — R are continuous functions bounded away from zero and
which satisfy some suitable symmetry conditions. In fact, assume (V1) and

(U1) U € C(R*, R) is such that U(z) > Up >0 Vz € R4,
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Then the functional space for a variational treatment of problem (6.9) is the
subspace X of H?(R*) defined as

X = {u € H?(RY) ‘ /R4 [(Aw)? + U(z)|Vul* + V(2)u?] dz < +oo} cX,

and, by (V1) and (U1), it follows that X is a Hilber space endowed with the
scalar product

(u, v) ¢ ::/ AuAUd;B+/ U(w)Vu~Vvdz+/ V(@)wdz u,veX
R4 R4 R4

to which corresponds the norm ||u|| ¢ := 4/{(u, u) ¢. Moreover the embedding

X < H2(R?) is continuous. The associated energy functional is
1, .
I(u) == Zlull% — F(u)dr Yue X
2 R4

and the following result holds
Theorem 6.14. Assume (U1), (V1), (f1), (f2), (f3), (F1) and (F2).

(¢) Assume (V2) and

(Ua) U is spherically symmetric with respect to x € R*, U(z) = U(|z|) for
any z € R

Then there exists an unbounded sequence {tuy}ren of sign-changing so-
lutions of (6.9) which are not radial. There also exists an unbounded
sequence {ug }ren of Tadial solutions of (6.9).

(i2) Assume (V3), (V3') and

(UL) U s spherically symmetric with respect to x1, 2 € R?, U(z) =
U(|z1|, |z2|) for any x = (x1, z2) € R? x R2,
(Ug) U(|aa], [z2]) = U(|z2], |21]) fro any x1, z2 € R%.

Then there exists an unbounded sequence {tuy}rxen of sign-changing so-
lutions of (6.9) which are not radial.

(i2) Assume (V4) and (UL). Then (6.9) possesses an unbounded sequence
{Zurtren of solutions.

We end this Section with the Example 6.2 mentioned in the introduction of
this Chapter.

Proposition 6.15. Lety > 0. The function f(s) := s(enls! —1) Vs € R satisfies
the assumptions (f1), (f2), (f3), (F1) and (F2).
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Proof. It is easy to see that (f1), (f2) and (f3) are satisfied. Since f is odd, we
have that F' is even and
1 1 2
F(s) = 7867577(6’7571)71 Vs> 0.
¥ ¥ 2
Exploiting the symmetry of F, to prove that (F1) and (F2) hold it suffices to
show that

g(s) :=sf(s) —pF(s) >0 Vs>O0 forsome pu>2, (6.10)
and
1r>1£F(5) >0 forsomes>0. (6.11)
s§>8

But (6.11) is a direct consequence of

lim F(s) =40,

s——+00

and hence it remains only to prove (6.10). We can notice that g(0) = 0 and for
any s > 0

g'(s) = 7527 — (u—2)s(e7® — 1) > ys°e7* —y(p—2)s°€"* = (3—p)ys’e?® > 0

provided that p < 3. Therefore, choosing 2 < u < 3 we have that g(s) > 0 for
any s > 0 and (6.10) holds. O



CHAPTER 7

A biharmonic equation in R*: the critical case

In this Chapter we give sufficient conditions for the existence of solutions of a
biharmonic equation of the form

u € H?(R%) (7.1)

{Azu +V(z)u= f(u) in R*
where V' is a continuos positive potential bounded away from zero and the non-
linearity f(s) behaves like e20s” at infinity for some ag > 0.

In order to overcome the lack of compactness due to the unboundedness
of the domain R*, we require some additional assumptions on V. In the case
when the potential V' is large at infinity we obtain the existence of a nontrivial
solution, while requiring the potential V' to be spherically symmetric we obtain
the existence of a nontrivial radial solution. In both cases, the main difficulty is
the loss of compactness due to the critical exponential growth of the nonlinear
term f.

For easy reference, we introduce now the conditions on the non linear term
f appearing in (7.1) which will be assumed in all theorems of this Chapter:

(fo) f: R — R is continuous and has critical growth with ag > 0, i.e.

lim 5
[s|—=+oc0 e*s

+oo ifa<ap;

1£(s)] {0 if a > ag,

S
(f1) there exists p > 2 such that 0 < pF(s) = ,u/ F@)dt < sf(s) for any
0
s € R\{0};

(f2) there exist sg, Mo > 0 such that 0 < F(s) < My|f(s)| for any |s| > so;

(fs) tim I

s—+o00 60052

> Bo > 0.
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We will treat two different problems distinguished by the behaviour of the
potential V. The first result is concerned with the case when the potential
V : R* = R is bounded from below by a positive constant and unbounded at
infinity, namely V satisfies the following conditions:

(Vo) V : R* = R is continuous and V (z) > Vo > 0 for any = € R?;

(V1) either lim V(z) = 4o0 or % € LY(RY).
— 400

||

The natural space for a variational treatment of the biharmonic problem (7.1)
is the subspace E of H?(R*) defined as

o {u € H2(RY) | / V(w2 dz < +oo} . (7.2)
R4
From (Vp) it follows that E is a Hilbert space endowed with the inner product
(u, v) = / AulAvdx +/ V(z)uv dz Yu, v € E
R4 R4

to which corresponds the norm ||ul| := y/(u, u).

Condition (Vp) implies that the embedding E <« H?(R*) is continuos and
thus the embedding E < LP(R?) is also continuous for any p € [2, +-00). More-
over, exploiting condition (V1) and using standard arguments (see [26]), it is
easy to prove that the embeddings

E << LP(RY)  Vpe[2, +0)

are compact (see Proposition 7.7).

Thus, in the case when (Vp) and (V1) hold, the lack of compactness due to
the unboundedness of the domain R* is recovered. In this case we obtain the
following existence result.

Theorem 7.1. Assume that the potential V satisfies (Vo), (V1). Assume that
the nonlinearity f satisfies (fo) — (f3) and

(f1) f is odd, namely f(—s) = —f(s) for any s € R, and f : RT — RT is
nondecreasing, namely f(s1) < f(s2) for any 0 < s1 < sa.

Then problem (7.1) has a nontrivial solution.

Example 7.2. Let ag > 0. The functions f(s) = 5(6“032 —1) and f(s) =

sign (s)(e"‘s2 —1) satisfy conditions (fo) — (fa), for a proof see Proposition 7.17
and Proposition 7.18.

If we require only the potential V' to be bounded from below by a positive
constant, namely (Vo) holds, then we still have the continuous embedding E —
LP(R*) for any p € [2, +00) but these embeddings are not compact. However in
the case when the potential V' is spherically symmetric, namely

(Vo) V(z) = V(|z|) for any z € R%,

then the lack of compactness due to the unboundedness of the domain R* can
be overcome by exploiting the spherical symmetry of the problem, obtaining the
existence of a nontrivial radial solution.
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Theorem 7.3. Assume that the potential V satisfies (Vo), (Vo) and that the
nonlinearity f satisfies (fo) — (f3). Then problem (7.1) has a nontrivial radial
solution.

‘We point out that if the potential V' is constant, i.e.
V(z)=Vo>0 VeeR*,
then (Vp) and (V2) hold. Hence as a particular case we have the following

Corollary 7.4. Let Vo > 0 and assume that f satisfies (fo) — (f3). Then the
biharmonic problem

A2y +Vou= f(u) in R*
u € H2(R*)

has a nontrivial radial solution.

This Chapter is organized as follows. In Section 7.1 we study the geometric
properties of the functional associated to a variational approach to problem (7.1)
and in particular we prove that this functional has a mountain pass structure.
This leads to consider the minimax level given by the mountain pass theorem of
Ambrosetti and Rabinowitz [11]. In order to overcome the difficulties caused by
the lack of compactness due to the critical growth of the nonlinearity f, in Section
7.2 we introduce tests functions connected with the sharp Adams’ inequality (see
Theorem 2.1 or inequality (3.1) for easy reference) that will enable us to obtain
an upper estimate for the mountain pass level. In this estimate assumption
(f3) will be crucial; we recall that an analogue of (f3) for bounded domains
was introduced in [28] to obtain an existence result for elliptic equations with
nonlinearities in the critical growth range in bounded domains of R?. Finally in
Section 7.3 we prove Theorem 7.1 and in Section 7.4 we prove Theorem 7.3.

We end this Chapter showing, in Section 7.5, how to adapt these arguments
in order to obtain similar results for the following problem

{A2u —div (U(z)Vu) + V(z)u = f(u) in R*
u € H?(RY)

under suitable assumptions on U, V : R* — R.

7.1. Variational approach

Let (E, (-, -)) be the Hilbert space introduced in (7.2) and assume (Vp). The
natural functional corresponding to a variational approach of problem (7.1) is

() = L2 _/ Flu)de YucE.
2 R4

If the nonlinear term f satisfies (fo) and (f1), then f(s) = o(s) as s — 0,
and for fixed a > ap, ¢ > 1 and for any € > 0 we have

£(5) < els| + Cla g, )51 e 1) VseR (7.3)
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where C(a, q, €) > 0. Consequently, from (f1) we obtain easily that for fixed
a > ap and for any € > 0

|F(s)] < els|* + O, g, s)|s|‘1(eo‘S2 —-1) VseR . (7.4)
From (7.4) and Remark 3.8 it follows that F(u) € L'(R*) for any u € E and thus

I: E — R is well defined. Furthermore, using (7.3) and standard arguments
(see [15], Theorem A.VT), it is easy to prove that I € C'(E, R),

I'(u)v = (u, v)—/R4 fuw)vdz Yu, v € E .

The next lemma concerns the behaviour of I near u = 0.

Lemma 7.5. Assume that the potential V satisfies (Vo) and that the nonlin-
earity f satisfies (fo) and (f1). Then there exist o, a > 0 such that

I(w)>a>0
for any u € E with |jul| = o.

Proof. Fix a > ap and g > 3. Using (7.4), we have for any € > 0
/ F(u)dz < ellull3 + C(a, g, 5)/ |u\q(e‘mz —1)dz Yu€E.
R4 R4

Recalling that the embedding E — H? (R4) is continuous, namely there exists a
constant C' > 0 such that

lull gz < Cllull Vue B,

we have that if |ju]] < W then [Jul| g2 < ﬁ and applying Lemma 3.9
[ s < clull3 +Ta 4. )ull? Vue B, ful < =
R4 B -~ Cya
Cf
I(uw) > oz 2_C q > 1_ e q
(u) 2 5 llull” —ellullz = Cle, ¢, e)llull? = { 3 [ull® = Cla, g, &)llul|? .

Let

g(S) = (% - Vi()) 82 76(&, q, E)Sq )

to complete the proof 1t suffices to choose € > 0 so small that g achieves its
maximum in 0 < ¢ < f and set a := g(p). O

The next lemma concerns with the behaviour of I at infinity.
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Lemma 7.6. Assume that the potential V satisfies (Vo) and that the nonlin-
earity f satisfies (f1) and (f2). Then for any uw € E

I(tu) - —o0
as |t| = +oo.
Proof. As a consequence of (f1) and (f2), there exist C1, C2 > 0 such that
F(s) > C1|s|* — Ca|s|> VseR .

Therefore for any u € E we have

1
I(tu) < 5152\\”\\2 + Cot®[[ull = Cult]*|lullf; <
1 Ca\ 2
S22y —CrltPl[ul|t VEeR,
< (34 2) @Al - el
and letting [t| — +o00, we obtain that I(tu) — —oo. |

Under the assumptions (Vo) and (V1) on the potential V', we have the fol-
lowing compact embeddings of the functional space E.

Proposition 7.7. Assume (Vo).

(@) If
lim V(z) =+ (7.5)
|s|—+oo

then the embedding E << LP(R*) is compact for any p € [2, +0).

(32) If % € LY(R*) then the embedding E —— LP(R*) is compact for any
p € [1, +00).

Proof of (i). Recalling that the embedding E — H?(R*) < LP(R*) is continuos
for any p € [2, +00), it suffices to prove that u, — 0 in L?(R*) whenever u,, — 0
in E.
Let {un}n C E be such that up, — 0 in E, then {up}r is bounded in F and
there exists a constant C' > 0 such that
lun|®> < C Vn>1.
Arbitrarily fixed € > 0, we have to show the existence of ne > 1 such that
lunl2 < e Vn>1.

To this aim, we write

”“"”3:/3 s [ udds vz
R R

with R > 0 to be choosen during the proof.
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For any R > 0, we have that u, — 0 in L?2(Bg) and hence, to conclude, it
suffices to find an R > 0 such that

/ u%dasgE Vn > ng R
R4 \BRr 2
for some n. g > 1. From (7.5), it follows that there exists R > 0 such that

20
Viz) > = vz € R*\Bg ,
1>

consequently
2 € 2 €
ur, de < — V(z)uy, de < = Vn >1
R4 \Bgr 2C R4 \Br 2

Proof of (ii). Let {un}n C E be such that u, — 0 in E and let C > 0 be such
that

[|un] < C VYn>1.

Arguing as in the proof of (i), arbitrarily fixed € > 0, it suffices to prove that
there exists R > 0 such that

€
/ |un|de < = Yn > ne R
R4\BR 2

for some n. g > 1.
Since % € L'(R*), we have the existence of R > 0 such that

1 2
feoron 7 2= (55)

hence, for any n > 1

1
/ un|dz = / L /V(@)lun|dz <
R\Bp RI\Bp

V(z)

</R4 \Bp V(lx) dm) ’ (/11@4 By V(z)u2 d:(:) : <

IN
ol m
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7.2. Estimate of the mountain pass level

In this Section we will assume that the potential V satisfies (Vp) and that the
nonlinearity f satisfies (f3). Furthermore, in order that the functional I has a
mountain pass geometry, we will also assume that (fo), (f1) and (f2) hold.

Let

= {yeC([0,1], E) | v(0) =0, v(1) = e}
with e € E to be chosen, our aim is to obtain a precise upper estimate for the

mountain pass level
c:= inf max I(y(t)) .
Inf | max, (v(®)
In order to do this we will show the existence of ug € F,,q such that

1672

I(t 7.
r{12a8< (tug) < (7.6)

@Q

and we can notice that this is indeed a maximum in view of Lemma 7.5 and
Lemma 7.6. Let tg > 0 be such that

I(t = I(t
(touo) max (tuo)

and let t; > to be sufficiently large, so that I(¢1uo) < 0. Choosing e := t1ug,
then we have

1672
c S Crad < 3
@
where
c = inf max I(vy(t
rad V€T raq t€(0, 1] 0
and

Prad == {7 € C([0, 1], Eyaa) | 7(0) =0, v(1) =€} CT.
In fact, defining the path vo € I';aq as
Yo :=t-tiug Vte€ [0, 1] s

we get

1672

crad < max I(y0(t)) = I(touo) <
teo, 1] Qo
We point out that, to obtain the existence of ug € E satisfying (7.6), as-
sumption (f3) will play a crucial role. In particular, (f3) implies that for any
e > 0 there exists s > 0 such that

sf(s) > (Bo — s)eo‘o52 Vs > se . (7.7)
Let » > 1 be such that

64

ot (7.8)

Bo >
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we introduce the sequence {@py }r, where Wy, is defined for any n > 1 as

[logn \x\Q 1 0< <
3272 \/87r logn \/87"2 logn - ‘Jfl - % ’
w, (IE) 1 T
" \/ziﬁognlglwl ¥m <lalsr,
Nn lz| > .

Here 1y, is a smooth compactly supported function satisfying for some R > r
independent of n
MnloB, =nmlopy =0,
onn _ 1 onp, _

ov o8B, - \/ 272 logn ’ ov OBR -

and 7nn, |Vnn|, Any, are all O <\/@) For any n > 1, we have that w, € FE
and easy computations show that

_ 1 _ 1 o 1
||wn||%=0(—) , Hwnn%:O(—) , ||Awn\\%=1+0( ) .
logn logn logn

Furthermore |[wy|| — 1 as n — +o00. For any n > 1 we set

Wn

l[&nll ’

so that w, € E and |lwn|| = 1.

A version of the next Lemma concerning the case of bounded domains in R?
can be found in [28] (see also [31] for the whole space R?) and our proof follows
the same type of arguments.

Lemma 7.8. Assume that the potential V satisfies (Vo) and that the nonlin-
earity f satisfies (fo) — (f3). Then there exists n > 1 such that

1672
max I (twn) < i
t>0 aQ
and
1672
ag

Proof. We argue by contradiction assuming that

1672
max I (twn ) > ul Vn>1.
t>0 aQ
For any n > 1, let t,, > 0 be such that
1672
I(tpwn) = max I (twn) > T ,
t>0 [e7))
then, since (f1) holds and |jwn|| = 1, we can estimate
1672 1 1
< I(tnon) = 2Nl = [ Fltawn)do < 562
agp 2 R4 2
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Hence
Vn>1. (7.9)

At t = t,, we have
0= L1 )‘ =t / f(tnwn)wn d
Tt e, T Jpa T
which implies that
2 = /4 Fltnwn)tnwn do Yn>1. (7.10)
R

We claim that {tn}n C R is bounded. In fact, since

tn logn St ot
0o asn oS
[|@n|l V 3272
and
tn logn .
thw in B_r
O = (@ V a2 ez

from (7.7) it follows that for n sufficiently large

2.2
2 > / f(tnwn)tnwn dz > (Bo — 5)/ eX0tnWn dx >
B B_;

I In
2 2
th log n th logn
> (Bo — a)/ e O Tonl? 3202 g = 272(By — e)e © Twnll? 3202 28"
B 3
In
(7.11)
Consequently

t log n 2
e 1L —logn—log t;
1> 2n2(By —e)e O Tanl? 3222 28" %8 n

for n > 1 sufficiently large and {¢, }» must be bounded.
We claim that

n—-+oo [e7s}

Arguing by contradiction, since (7.9) holds, we necessarily have

3272
lim 2 >
n—-+oo [e))

Recalling (7.11), for n > 1 sufficiently large we have

2
t 1
logn(aoﬁjfl)
t% > 271—2(50 —e)e lon 2 327

and letting n — 400 we get a contradition with the boundedness of the sequence

{tn}n-
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In order to estimate (7.10) more precisely, we define the sets
Ap i={x € By | thwn > s:}, Crn:=Br\ A

where sc > 0 is given in (7.7). Using (7.10) and (7.7), we can estimate

tn

\Y

f(tnwn )tnwn dz >
By

> (Bo— E)/ eo‘oti“’i dr + f(tnwn )tnwn do —
By Cn

\

~ (Bo—2) / 0tk dg
C

n

for any n > 1. Since w, — 0 a.e in By, from the definition of C,, we obtain that
the characteristic functions

xc, — 1 a.e. in B,

and the Lebesgue dominated convergence theorem implies that

/ ftnwn)tnwn dz — 0,
Cn,

2
2, .2 s

/ e¥0tnwn dy — — 4
Cn 2

as n — +oo. If we prove that

2 2
1ir£ eX0tn®n dy > 12yt (7.12)
n——+oo BT‘
then ) 5
32m s
= lim 2> (Bo—e)—rt.
ap n—r+o0o 2

Since the choice of € > 0 is arbitrary, we can let ¢ — 0 obtaining that

32 2 2
> 50%7“4

@Q

which is in contradiction with (7.8). Therefore to end the proof it remains only
to show that (7.12) holds. From (7.9) it follows that

/ eaotiw% dz 2 /
B,\B

r

T 16 1
2 2 —2 - —— lo,
63271' Wn dp = 271‘2 / e |[on |2 logn &
T
T 2=
In v

2 r

$3ds

and, making the change of variable

1 T
= ———log—,
[|&n ] logn s
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we obtain that
; M
2 2 _ 1w, 2 4=
/ X0t wWh 1o > 27727"4“"-)71“ logn/ n 610gn(167’ 4@ ||T) dr .
B, 0

Now, using the following estimates from below
1672 — 4||@n 1T >
_ 1
—A|[wn||lT 0<7t< STonT

= 2 —_ 1 1 1 1
—=— — ||lw 47 — —— — -1 = <7< =
(17— Imall) (4 - 127) + 2 8onll =7 S aenT

it easy to see that (7.12) holds. (]

7.3. Proof of Theorem 7.1

In this Section we assume that the potential V' is bounded from below by a
positive constant and is large at infinity, namely that V satifies (Vo) and (V7).
Furthermore we assume that the nonlinear term f satifies (fo) — (f4).

To prove Theorem 7.1 we will follow the ideas introduced in [28] to treat
elliptic equations in R? with nonlinearities in the critical growth range. In par-
ticular we will apply the well known mountain-pass theorem of Ambrosetti and
Rabinowitz

Theorem 7.9 ([11]). Let E be a Hilbert space and let I € CY(E,R) be a
functional such that I(0) = 0. We assume that:

(I1) there exist g, a > 0 such that I(u) > a > 0 for any u € E with ||u|| = o,

(I2) there exists e € E with ||e]| > o and I(e) < 0.

If I satisfies the Palais-Smale condition at the level ¢, where c is the mountain
pass level
:= inf I(~(t
¢i= Inf max (v®)
and
[={yeC([0, 1], E) | v(0) =0, v(1) =} ,
then c is a critical value of I.

We recall that I satisfies the Palais-Smale condition at a level b € R, (PS);
for short, if any sequence {uy }n C E such that

I(un) — b (7.13)

and
<enlv]] YveE, (7.14)

(un, v) — /R4 flun)vdz

where €, — 0 as n — +o00, admits a strongly convergent subsequence. We will
say that a sequence {un}n C E satisfying (7.13) and (7.14) is a (PS)-sequence
or (PS)-sequence.
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We have already proved in Section 7.1 that I : E — R, under our assump-
tions, is a C!-functional which behaves like a mountain pass, namely I satisfies
(I1) and (I2) (see Lemma 7.5 and Lemma 7.6). Therefore, in order to apply the
mountain-pass theorem of Ambrosetti and Rabinowitz, we have to show that
the functional I satisfies (PS).. Since we deal with a critical nonlinearity, the
functional I satisfies the Palais-Smale condition only at certain levels, and the
main difficulty is to guarantee that the mountain pass level c is inside the Palais-

1672
@Q

that I satisfies (PS), for any —oo < b < % then we can conclude that (PS).
holds. The rest of this Section is therefore devoted to the proof of the following

Smale region. We know from Lemma 7.8 that ¢ < and thus if we prove

Proposition 7.10. Assume that the potential V satisfies (Vo), (V1). Further-
more assume (fo) — (f2) and (f1). Then I satifies (PS);, for all

1672
be (—oo, il ) .
ap

We first study some properties of (PS)-sequences that will be useful in the
proof of Proposition 7.10.

Lemma 7.11. Assume (Vo) and (f1). If {un}n C E is a (PS)-sequence then
for anyn > 1

lun|l < C, / flun)unde < C  and / F(un)de < C
R4 R4
where C > 0 is a constant independent of n.

Proof. Let {un}n C E bea (PS)-sequence. Since (7.13) implies that {I(un)}n C
R is bounded, there exists a constant C' > 0 such that

1
Ll < c+/ Flun)dz Vn>1.
2 R4
From (f1) it follows that
1
/ F(up)dx < 7/ flup)un dz (7.15)
R4 M JRe
and, using (7.14) with v = u,, we obtain
/4 Fun)un de < enlun|| + |unl?> ¥Yn>1. (7.16)
R

Therefore 1 1
e
~Jlunl? < C+ Llunll + =[lunll® Vn>1
2 Iz H

and, since p > 2,

1 1
0< (5= 3) lunl? SC+ = fual] ¥ 21
2 H
from which we deduce that {up}» must be bounded in E.
Using the boundedness of {un}n in E together with inequalities (7.15) and
(7.16) we obtain the desired inequalities. O
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Assuming also (V1), we can notice that from Lemma 7.11 it follows that, given
a (PS)-sequence {un}n C E, we can always consider a subsequence denoted
again by {uy }n such that

Up — U in E
Up = U in LP(RY) Vp € 2, +00)
Up — U a.e. in R*

where u € E and the strong convergence in LP(R%*) for any p € [2, +00) is
a consequence of the fact that under the assumptions (Vp) and (V1) on the
potential V' the embedding

E << LP(RY)
is compact for any p € [2, +00), see Proposition 7.7.

Assumption (f1) together with (f1) will enable us to reduce the following
convergence result to the radial case.

Lemma 7.12. Assume that the potential V satisfies (Vo) and (V1). Further-
more assume (fo) — (f2) and (fa). If {un}n C E is a (PS)-sequence and u € E
is its weak limit, then

F(up)dz — F(u)dzx
R4 R4

up to subsequences.

Proof. Let {un}n C E be a (PS)-sequence and let u € E be its weak limit.
We consider the sequence {u}}, where vx denotes the spherically symmetric
decreasing rearrangement of v € E. From (f1) and (f4) it follows that

A4F(un)dx:A4F(uZ)dx vn>1, A§4F(u)dx:A§4F(u*)dx’

and to end the proof it suffices to show that

/R4 F(u?) do — /R4 F(u*)dz . (7.17)

Before proceeding with the proof we remark some properties of the sequence
{u*}n. We have that u, — u in L2(R*) and thus |un| — |u| in L2(R*); since
the rearrangement is non-expansive on L?(R*) (see [45], Chapter 3, Section 3.4),
namely

luz, —w*ll2 < llun] = fulllz V¥ >1,

we deduce that

uf —u*  in L2(R%) .

Furthermore, since
IVunll2 < IVunll2

we have that {u} is bounded in Hg(R?*).
We divide the proof of (7.17) into several steps.
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STEP 1. We claim that
f(up) = f(u*) in L'(Br) (7.18)
for any R > 0. Fixed R > 0, to prove (7.18), the idea is to apply [28], Lemma

2.1. We can notice that, since u* — u* in L2(R%), we have that u¥ — u* in
LY(BR). Furthermore, from (fy) it follows that

fwi)ur de < / fw)uy de = / flup)undr VYn>1, (7.19)
Bpr R4 R4

and Lemma 7.11 leads to
/ flwpupde <C Yn>1.
Br

This last inequality together with the boundedness of the domain Brp C R*
ensures that f(u?) and f(u*) are in L'(BR); hence the assumptions of [28],
Lemma 2.1 are satisfied and the claim (7.18) follows.

STEP 2. From (7.18), we deduce that for any R > 0

F(uy)de — F(u*)dx . (7.20)
Br Br

Indeed (f2) leads to
0< F(ul) < Mo|f(ul)| ae. in {x € R* |uf > s}
and (f1) leads to

0< F(us) < 20f(ur)| ae. in{zeR* |ul <so},
o

and hence, applying the generalized Lebesgue dominated convergence theorem
(see [60], Chapter 4, Theorem 4.17), we can conclude that (7.20) holds for any
R>0.

STEP 3. For any € > 0 there exists R > 1 such that

<e Vn>1. (7.21)

[, i) - P de
RY\Bg

Let R > 1 arbitrarily fixed. Since (7.4) holds, we have the existence of C1, Ca >
0 such that

/ F(u)de < Cy / (u)? da+
R4\BR R4\Br

+ C'z/ ufl(ef"(“:l)2 —1)dz VYn>1.
R4\BR
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Using the power series expansion of the exponential function and estimating
the single terms with the radial lemma (3.8), we get for any n > 1

. X Wi .
/ uZ(eD‘(“n>2 —1)dz Z a—'/ (us)?+ de <
R4\Bp — J' JrR4\Bg

J j+ R2
2 2, 1
< sz () Il 2 <
! 37 — )
Norsl 20 (allunly )’
< TR el 255" ) <
J=1
1/2 2
S ||U7L||H1627'2 HunHHl .

R

Therefore

C.
/ F(ufl)dxgcl/ (ufl)chac—‘,-—3 Yn>1,
R4\Bp R4\Bp R

where C3 > 0 is a constant independent of n and R, provided that R > 1. Since
ul — u* in L2(R%), for any € > 0 there exists R > 1 such that

af, s
R4\BR 3

and moreover

w\m

C
Bl / F(u*)dz <
R 3 R4\BR

In conclusion, for any € > 0 we have the existence of R > 1 such that

/ [F(us) — F(u*)] dz
RY1\Bg

< / P(u?) dot
RY\Bg

+/ Fu*)dr<e VYn>1,
R4\Bp

which is (7.21).
STEP 4. Combining (7.20) and (7.21) we get

lim
n—-+oo

<e Ve>0

[P~ Fa)] da
R4

and letting e — 0 we obtain (7.17). O

Arguing as in Step 1 of the proof of Lemma 7.12, it is easy to see that given
a (PS)-sequence {up}n C E

fun) = f(u) in LL_(R*).

We can now give a proof of Proposition 7.10.
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Proof of Proposition 7.10. Fix —oo < b < 167(: . Let {un}n C E be a (PS)-
sequence and let w € E be its weak limit, we have to prove that u, — u in E.

Here and below the convergence has to be understood up to subsequences.
We deduce, from (7.13) and Lemma 7.12, that

lim  [fun? = 2 <b+ /W F(u) dm) (7.22)

n— 400

and, from (7.14), that

lim / Flun)unde = lim |lup|? . (7.23)

n—+oo Jp4 n——+oo

Combining (7.13), (7.23) and (f1), we have that b > 0.
Recalling that u, — u in E and f(un) — f(u) in L} _(R?), from (7.14) we

also deduce that u is a weak solution of (7.1), namely

(u, v) — /R4 Fluyodz =0 Vo e CPRY)

and this in particular implies that

I(u) = /f udw—/ F(u)dx >0.

Now we distinguish three cases.
CASE 1: b=0. Using (7.22) with b=10
1
0<I(u) < = hmlnf l|lwn||? — / F(u)dx =
2 R4
consequently I(u) = 0. This together with (7.22) implies that ||un| — ||u|| as
n — +oo and thus u, — v in E.
CASE 2: b # 0 AND u = 0. We will prove that this case cannot happen. We
show below that

I = /]R4 flup)un dz — 0 (7.24)

as n — +o0o. Using (7.14) with v = u, and the boundedness of {un}n in E, we
get

lunl? < Cen +/4 Flun)un dz = Cen +Tn ¥n>1,
R

from which we deduce that ||u,||> — 0 as n — +o00. On the other hand, from
(7.22) it follows that ||un||? — 2b # 0 as n — +oo which is a contradiction.

Therefore it remains to prove that (7.24) holds. Let o > a9 and ¢ > 1, using
(7.3) and again the boundedness of {un}n in E, for any € > 0 we have

In < Cre+Cl(ay q, 5)/ \un|q(e°‘ui —1)dz Yn>1
R4

and the proof of (7.24) reduces to show the existence of o > e and ¢ > 1 such
that

In = / |“n‘q(eau% - 1) dzr — 0
R4
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as n — +oo. We estimate J, applying Holder’s inequality with 1 < p, p’ <
+o00, %+§:1t0get

=

Tn < Cpllunl?,, (/Rél(e“ﬁ"i - 1)da:) Wn > 1

for any 8 > p.
We can notice that with a suitable choice of @ > ag and 8 > p > 1 we have
that

sup/ (eaﬁ“i —1)dz < +o0. (7.25)
R4

n

In fact, in view of the Adams-type inequality (3.1) (see also Theorem 2.1), we
have that (7.25) holds provided that

aﬁHunH?{Q < 32n2

for any n sufficiently large. Since un — 0 in L?(R*) and ||Auyl|j2 < C for any
n > 1, using the interpolation inequality

IVun|3 < ClAunll2llunlla ¥n > 1,
where C > 0 is a constant independent of n, we can notice that

. 2 . 2 . 2
— A < m .
n lim Hun”H2 - hnnl H Un||2 = li H“n”

Furthermore, recalling that b < 1672 from (7.13) we deduce that

ag
3272
: 2
ngToo ”unHH2 S2H< [e7s)
and there exists € > 0 such that
3272
lunllzpz < 2b+e < Vn > n.

@Q

with ne > 0 sufficiently large. Therefore choosing o > « sufficiently close to g
and p > 1 sufficiently close to 1, so that also 8 > p can be choosen sufficiently
close to 1, we have that

3272
Hun”?ﬂ < W Vn > ne

and (7.25) holds.

Finally, since gp’ > g, choosing q > 2 we have that u, — 0 in Lar’ (R*) and
In — 0 as n — +oo.

CASE 3: b# 0 AND u # 0. We claim that I(u) = b. If this is the case, from
(7.22) we deduce that

lim  [un|? =2 (I(u) +/ F(u) dax) = |ju|?
n—-+oo R4
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which implies that uy, — w in E. Therefore we have to prove that I(u) = b.
We argue by contradiction assuming that I(u) # b. As a consequence of
(7.22) and the weak convergence u, — u in E, we have

1

I(u) < 5k 1m1anun|| / F(u =b.

Consequently, we have necessarily that I(u) < b and thus

lul? < 2 (b+ [, ¥ da:) .

‘We can notice that if we prove that u, — u in E then we get a contradiction
with (7.22) and we can conclude that I(u) = b.
To this aim we let
u U
vi= and vy = ——

2(b+fR4 F(u) dx) flunll

Vn>1, (7.26)

so that v, = v in E, |lvp|| =1 for any n > 1 and |jv|]| < 1. Recalling that the
embedding E — L?(R*) is compact, we can apply Lemma 3.4 obtaining that

32m2
sup/ (epvi —1)dz < 400 Vp € (07 %) . (7.27)
n R4 1— H’UH

Since uy, — u in E, in order to prove that u, — w in E, it suffices to show
that
(Un, un —u) =0

as n — +00, and this is indeed the case if
Iy = / flun)(un —u)de —0 (7.28)
R4

as n — 4o00. Arguing as in Case 2, we can reduce the proof of (7.28) to show
the existence of o > g and ¢ > 1 such that

Fui= [ hunlHsn = (e 1)z =0
R4

as n — 4oo. Applying Hélder’s inequality with 1 < p, p’ < 400, = + % =1,
we get

1
T < Callfuntt ™ =)l ([ (2545 = 1)

for any 8 > p.
From (2.19), it follows that

2 2,2
Sup/ (B _ 1) da = sup/ (eBlunl®v} _ 1) 4o < 400
n JR4 n JR4

provided that o > ag, p > 1 and 8 > p can be chosen so that

3272 _ 392 b+ fR4 u) dz

ofllunl® < T = b1 < )

(7.29)
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at least for any n > 1 sufficiently large. From (7.13), we deduce that if

3272
203 < ————~ 7.30
) (7-30)
then (7.29) holds. Since I(u) > 0 and b < %, there exists a > g such that
< 1672
a< —~
b—I(u)

and choosing p > 1 sufficiently close to 1, so that also 8 > p can be chosen
sufficiently close to 1, we obtain (7.30).
Therefore with this choice of & > ap and 8 > p > 1, we have

~ - ~ -1
Tn < Tl (fun| " — ul)llyr < CpllunllEy o lun — ullyr

as a consequence of Holder’s inequality with 1 < o, ¢/ < 4+00 and é + % = 1.
Now, since (¢ — 1)p’c’ > ¢ — 1 and p’c > o, choosing ¢ > 3 and o > 2 we
have that {un }n is bounded in L(q_l)p/o/(R‘l) and up — u in LPIU(R4), hence

In — 0 as n — +oo. O

7.4. Proof of Theorem 7.3

In this Section we assume that the potential V' is spherically symmetric and
bounded from below by a positive constant, namely that (Vp) and (V2) hold.
Furthermore we assume that the nonlinearity f satisfies (fo) — (f3).

As proved in Section 7.1, we recall that I € C'(E, R). Moreover Lemma 7.5
and Lemma 7.6 hold, consequently I has a mountain pass geometry.

Since (V2) holds, as a consequence of the principle of symmetric criticality
of Palais [55], any critical point of the restriction I|g_, is a critical point of
I too and the proof of Theorem 7.3 reduces to show that I|g_, satisfies the
assumptions of the mountain pass theorem of Ambrosetti and Rabinowitz, i.e.
Theorem 7.9. More precisely we have to prove that I|g . satisfies the Palais-
Smale condition at the mountain pass level

rad

rad i= inf I(~v(t
SRR S R
with
1—‘rad = {’Y € C([07 1]7 Erad) | ’7(0) =0, 'Y(l) = e} .

1672
@Q

Since from Lemma 7.8 we know that c.,q < , to complete the proof

of Theorem 7.3 we have to show that (—oo, is a Palais-Smale region for

1672 )
ag
I|g,,,, namely

Proposition 7.13. Assume that the potential V' satisfies (Vo). Furthermore
assume (fo) — (f2). Then I|g,,, satisfies (PS)y for all

1672
be (—oo, al ) .
o
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First, we can notice that Lemma 7.11 holds and thus any (PS)-sequence
{un}n C Eraq for I|g,, satisfies

|un| < C, / flup)unde < C and / F(up)dz < C VYn>1 (7.31)
R4 R4

where C' > 0 is a constant independent of n. Consequently, given a (PS)-
sequence {un}n C Eraq for I|g,,,, without loss of generality, we may always
assume the existence of u € E;,q such that

Up — U in E,
Up —> U in LP(RY) Vpe (2, +00),
Up — U a.e. in R? .

Here the strong convergence in LP(R?) for any p € (2, +00) is given by the
compact embeddings

Eraq —— LP(RY) Vp € (2, +00) .

Lemma 7.14. Assume that the potential V satisfies (V). Furthermore assume
(fo) = (f2). If {un}n C Eraq is a (PS)-sequence for I|g, , and u € Eyqq is its
weak limit, then

/ F(up)dz — F( ) dx
up to subsequences.

Proof. Arguing as in Step 1 and Step 2 of Lemma 7.12, it is easy to see that
f(un) = f(u) in L} _(R*) and consequently for any R > 0

F(up)dx — F(u)dx .
Br Br

Therefore the proof is complete if we show that for any 0 < £ < 1 there exists
R > 1 such that

/ F(up)de < Ce and / F(u)de <Ce Vn>1 (7.32)
R4\Bp R4\Bp

where C' > 0 is constant independent of € and R.
Let 0 < e < 1. Fixed a > ag, for any R > 1 we have

[, Fande<clunlf+Clae) [ funPet - Dde o1,
R4\Bg R4

as a consequence of (7.4). Using the power series expansion of the exponential
function and the radial lemma (3.8) we get

allunll? |

2 Hu””?{l

/ [un|?(e¥n — 1) de < ——H— ™ 22 vn>1,
R4\BR R
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and from (7.31) it follows that for any R > 1

/ F(un)d:rgcleJrM Vn>1.
R4\BR R

Without loss of generality we may always assume that Ca(a, €) > 1, and choos-
ing

R := M >1
€
we have
/ Fun)de < (Ci1+1)¢ ¥Yn>1.
R4\Bp
Similarly
/ F(u)dz < (C1 4+ 1)e
R4\Br
and we get (7.32). |

As a by-product of this proof we have that given a (PS)-sequence {un}n C
Eraq for Ilg,,,

flun) = f(u) in Llloc(R4) .

Proof of Proposition 7.13. Fixed —oo < b < %, let {un}n C Eraq be a

(PS)p-sequence for I|g namely I(un) — b as n — +oo and

rad’

S 6””’”” Vv € Erad (733)

(un, v) _/]R4 flup)vde

where £,, — 0 as n — +oo.
Arguing as in the proof of Proposition 7.10, it is easy to see that

lim |lunl® = lim / Flun)un dz =2 (b+ F(u) dx) , (7.34)
nto+oo n—+oo Jp4 R4
furthermore b > 0 and I(u) > 0.

Since in the case when b = 0 the same reasoning as in the proof of Proposition
7.10 leads us to conclude that u, — u in E, we will focus our attention only in
the remaining two cases.

CASE 1: b # 0 AND u = 0. Our aim is to prove that u, — 0 in E, in this way
we get a contradiction with (7.34) and we can conclude that this case cannot
happen. Using (7.33) with v = u, and the boundedness of {un}, in E, the
proof reduces to show that

In = / flun)un dz — 0 (7.35)
R4
as n — +oo then uy — 0 in E.

Let o > ap and ¢ > 1. Using (7.3) and again the boundedness of {un }» in
E, for any € > 0 we have

L, <Cie+Cla,q.9) [ Jual(eh — do vn>1
R4
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and if we prove the existence of @ > g and ¢ > 1 such that
2
TIn = / |up|?(e*¥n —1)dz — 0
R4

as n — 4oo then the proof is complete. Applying Holder’s inequality with
1<p,p’<+oo,%+i:1,weget

B |-

In < Cg||uanp/ (/1%4(60‘511?1 —1) dm) Yn > 1

for any 8 > p.
We can notice that with a suitable choice of @ > ag and 8 > p > 1 we have
that

sup/ (e"‘B“% —1)dz < +o0. (7.36)
R4

n

In fact, since

3272
lim [Aunl3 < lim ||Jun|® =2b< |
n—+oo n—+oo [e7)]

there exist d, o > 0 such that

3272

@0

[Aunll3 < 2b+6 <

(1-0) Vn2>n

with m > 1 sufficiently large. Consequently we can find 7 > 0 satisfying

3272 -
”unHip,T < 70(1 —0) Yn>n

and, from (3.2), it follows that (7.36) holds provided that

3272
«@Q

af

(1-0) <3272 .

Now it suffices to notice that this is indeed the case if we choose o > g suf-
ficiently close to ag and p > 1 sufficiently close to 1, so that we can choose
B > p > 1 sufficiently close to 1 too.

Finally, since gp’ > q, choosing q > 2 we have that u, — 0 in L (R*) and
In — 0 as n — +oo.

CASE 2: b # 0 AND u # 0. Note that I(u) = b implies that u, — u in E,
therefore our aim is to show that I(u) = b. To do this, we argue by contradiction
as in the proof of Proposition 7.10, assuming that I(u) # b and defining v and
the sequence {vn }n C Eraq as in (7.26). In this way v, — v in E, ||vp|| =1 for
any n > 1 and 0 < ||v|| < 1, and applying Lemma 3.6 we obtain that

3272
sup/ (ep”i —1)dx < +o0 Vpe (0, 77r) . (7.37)
n R4 1- ||’U||2
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‘We can notice that if we prove that u, — u in E then we get a contradiction
with (7.34) and we can conclude that I(u) = b. Since u, — u in E, it suffices
to prove that

(Un, un —u) =0

as n — 400, and this is indeed the case if
In = / flun)(up —u)de — 0 (7.38)
R4

as n — 4o00. Arguing as in Case 1, we can reduce the proof of (7.38) to show
the existence of o > g and ¢ > 1 such that

Tn = / [n ] — u|(e°‘“$1/ —1)dz —0
R4

as n — +oo. Applying twice Hélder’s inequality with 1 < p, p’, o, 0/ < +o0
and%+i*i+i*1,wegetforanyﬁ>p

T o =
1
P

—1 2
TIn < Cg||unH‘(Jq_1)p,0/Hun —ullpro (/RAL(BQLM” —1) d:r)

From (7.37), it follows that

n n

2 2.2
sup/ (e*Pun — 1) dx = sup/ (e*Pllunl™vn _ 1) de < +oo ,
R4 R4

provided that a > «g is sufficiently close to ap and p > 1 is sufficiently close to
1, so that we can choose 8 > p > 1 sufficiently close to 1 too.
Since (¢—1)p’c’ > qg—1 and p’c > o, choosing ¢ > 3 and o > 2 we have that

{un}n is bounded in L(q_l)plal(R‘l) and unp — u in LPIU(R4), hence Jn — 0 as
n — +oo. O

7.5. Final remarks

The arguments of this Chapter can be easily adapted to obtain existence result
for equations of the form

(7.39)

A%y — div (U(z)Vu) + V(z)u = f(u) in R*
u € H2(R%)

under suitable assumptions on U, V : R* — R. More precisely, we will assume
(Vo) and

(Uo) U : R* = R is continuous and U(z) > U > 0 for any = € R%.
The following result holds
Theorem 7.15. Assume (Up), (Vo) and (f1) — (f3)-

(4) If the potential V satisfies (V1) and the nonlinearity f satisfies (fa) then
problem (7.89) has a nontrivial solution.
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(it) If U, V are spherically symmetric, i.e.
U(@) =U(jzl), V(z)=V(zl) VeeR,
then problem (7.89) has a nontrivial radial solution.

We can notice that the functional space for a variational approach of problem
(7.39) is the subspace E of H?(R*)

Bi= {u e H* (R | / [U(@)|Vul? + V(z)u?] dz < +oo} CE,
R4
which is a Hilbert space endowed with the inner product

(u, v) g = / AulAv dx +/ U(z)Vu - Vudx +/ V(z)uvdz Vu,v € E.
R4 R4 R4

We will denote by || - ||z the corresponding norm, i.e. |jullz := 4/{u, u)z for
any u € E.
_ As a consequence of (Up) and (Vp), it is easy to see that the embedding
E — H?(R%) is continuous and, from (V1) it follows that the embedding

E << LP(RY)

is compact for any p € [2, +00).
The energy functional associated to problem (7.39) is

1 -
1) = 5 [l _/ Flu)de VueE,
R4

and, in order to adapt the arguments in the previous sections to this functional,
it suffices only to specify how to recover the steps in which we applied the Adams-
type inequality (3.1) (see also Theorem 2.1) and the Lions-type concentration-
compactness Lemmas 3.4 and 3.6.

To this aim, we recall the following version of Adams’ inequality (see (3.3))

sup / (632“2“2 —1)dz < +o0 (7.40)
wEH2RY), llull g2 g, v <T/RY

where
lulliz vy, vy o= I1AUll3 + Vol Vull3 + Vollull}  Vu € H*(R?).
It is straightforward to notice that
lullg2, vy, v < lully — VueE,

and hence, to obtain (7.25) and (7.36), we can apply (7.40) instead of (3.1).
Finally, the following Lions-type concentration-compactness result holds
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Lemma 7.16. Let {un}n C E be such that lunllzg =1 for any n > 1 and let
u € E be the weak limit of {un}n in E. If |lullz < 1 then

3272
sup/ (ep“721 —1)dz < 40 Vpe |0, =T ).
n Jr4 L= lullg

Proof. Since
lun —ullgz vy, vy < llun —ullg VR 21,

the proof follows using the same arguments as in Lemma 3.2 and the modified
version (7.40) of Adams’ inequality. |

We end this Section with the Example 7.2 mentioned in the introduction of
this Chapter.

Proposition 7.17. Let ag > 0. The function f(s) = s(ec“os2 —1) Vs eR
satisfies the assumptions (fo) — (fa)-

Proof. Obviously f satisfies (fo), (f3) and (f1). In order to show that f satisfies
also (f1), (f2), since f is odd and F' is even, it suffices to prove that

0 < uF(s) <sf(s) V¥s>0, forsomep>2 (7.41)

and that there exist sg, Mg > 0 such that

F(s) < Mof(s) Vs > so. (7.42)
We have that
+oo j
1 1 ;
F(s) = —(eO‘DSQ —as?—1)= — @8% >0 Vs > 0,
2a9 2a0 = 7!

consequently, for 0 < u < 4 we have
+oo _j +oo j
Ko 2 X 20(—1) o K 2 X 25 2/ ags?
F(s)= —s g2l < s 25 < s (e —1) =
() = g S D M 5T S < ey

=sf(s) Vs >0

and (7.41) holds provided that 2 < p < 4.
Finally, for any s > 1 we have

1 1 1
F(s) < — (™0 —1) < —[s|(e®0*" —1) = — f(s),
2a0 20 2ag

1 —
mandMo—l. O

which is nothing but (7.42) with sg =
The following example has been introduced in [32].

Proposition 7.18. Let ag > 0. The function f(s) = sign (s)(eo‘052 —1) Vse
R satisfies the assumptions (fo) — (fa).
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Proof. As before, it suffices only to show that (7.41) and (7.42) holds. Let
n 1 aps? 2
F(s) = —(e*%® —aps® —1) Vs >0,
s

then, using the power series expansion of the exponential function, we obtain
that

gaof(s) < F'(s) Vs > 0.

Consequently

F(s) < iF(s) Vs > 0. (7.43)
3ag

Using again the power series expansion of the exponential function,

lﬁ(s)gsf(s) Vs >0
@Q

which leads to

2 -
uF(s) < p—F(s) < Esf(s)  vs>0, vu>o.
3ag 3

Therefore, choosing 2 < p < 3 we obtain (7.41) and hence (f1).
Moreover, (f2) follows easily by

F(s)<If(s)]  Vs2>1.

In fact, this last inequality together with (7.43) gives

F(s) < ——|f(s)] Vs> 1.
3ap
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